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Abstract
Let G be a right module over a ring R and let QG denote the semi-primary classical right ring of quotients
of EndR(G). Modules G and H are margimorphic if there are maps a : G → H and b : H → G such that
ab and ba are regular elements in the respective endomorphism rings. The module H is called a marginal
summand of G if G is margimorphic to H ⊕H ′ for some module H ′. We study the existence and uniqueness
of marginal summands of Gn for integers n > 0 in terms of finitely generated projective right QG-modules.
Some of these results extend to direct summands of Gn for integers n > 0.
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1. Introduction
Throughout this paper, R is a ring, G is a right R-module, EndR(G) is the ring of endomor-
phisms of G written on the left of G. Furthermore, Po(G) = {H ∈ Mod-EndR(G) | H ⊕H ′ ∼= Gn
for some H ′ ∈ Mod-EndR(G) and some integer n}.
Cancellation and uniqueness of decomposition results are some of the most beautiful results
in algebra. Of these the most used is certainly the Azumaya–Krull–Schmidt Theorem. (See [1,2,
4].) This theorem states essentially that if a right R-module G is the direct sum
G = G1 ⊕ · · · ⊕Gt (1)
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rings, then up to the isomorphism of the direct summands, (1) is the only direct sum decomposi-
tion for G into indecomposables. Moreover, G satisfies the internal cancellation property
G = H ⊕K ∼= H ⊕L ⇒ K ∼= L
for right R-modules H,K,L ∈ Po(G).
Under the hypothesis that EndR(G) possesses a semi-primary classical right ring of quo-
tients QG, the goal of this paper is to prove an Azumaya-like uniqueness of decomposition.
We introduce a means of comparison called margimorphism which leads us to define marginal
summands of the right R-module G(n) for integers n > 0. Margimorphism is a generalization
of isomorphism that is first studied in [8]. Some of our results conclude with the margimor-
phism of right R-modules, and some conclude the isomorphism of right R-modules from the
courser form of comparison. For instance, we introduce functors QHG(·) and BG(·) such that
marginal summands H and H ′ of G(n) are margimorphic iff QHG(H) ∼= QHG(H ′) as finitely
generated projective right QG-modules iff BG(H) ∼= BG(H ′) as semi-simple right QG-modules.
Ultimately we show that if EndR(G) has a semi-primary classical right ring of quotients QG and
if QG/J (QG) is a product of division rings then G has a unique direct sum decomposition into
indecomposable direct summands. The class C of right R-modules G′ such that EndR(G′) is a
right order in QG is closed under margimorphism. Thus each object in C has a unique direct sum
decomposition. Furthermore, we classify the modules G for which QG is semi-simple Artinian.
That is, we classify those G such that EndR(G) possesses a semi-simple Artinian classical right
ring of quotients.
The ring theory that we use is a generalization to the noncommutative setting of localization
theory in commutative rings. For example, for a torsion-free finite rank abelian group G, the
classical ring of quotients of EndZ(G) is the finite dimensional Q-algebra EndZ(G) ⊗ Q. We
will assume that G is a right R-module for some ring R and that EndR(G) possesses a semi-
primary classical right ring of quotients QG. That is, QG is a ring that is semi-simple modulo
the nilpotent Jacobson radical J (QG). Localizing to form QG is not commutative in any sense of
the word. The generalization from commutative tools to the noncommutative setting will account
for most of our effort.
2. Preliminary concepts and examples
The symbols R, E, Q, and EndR(G) denote rings. An element r ∈ E is right regular if
rx = 0 for some x ∈ E ⇒ x = 0.
The set of (left and right) regular elements in E is denoted by C(E). The right Ore property for
regular elements in a ring E states that
given a c ∈ C(E) and an x ∈ E there exists a
d ∈ C(E) and a y ∈ E such that xd = cy.
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1. E ⊂ Q,
2. each C(E) is a set of units of Q, and
3. each element of Q is of the form xc−1 for some x ∈ E and some c ∈ C(E).
If item 3 is satisfied then E is called a right order in Q. Item 3 is equivalent to
3′. For each q ∈ Q there is a regular c ∈ E such that qc ∈ E.
Ore’s Theorem states that E possesses a classical right ring of quotients Q iff C(E) satisfies the
right Ore property.
Nil ideals are important to our investigations because idempotents lift modulo nil ideals. (See
[1, Proposition 27.1].) Idempotents lift modulo J if (a + J )2 = a + J in E/J implies that there
is an e2 = e ∈ E such that e + J = a + J .
The ring Q is semi-primary if Q/J (Q) is semi-simple Artinian and J (Q) is nilpotent. We
present some properties of semi-primary rings that we will use without reference. See [1, Sec-
tion 28] for details. Let Q be semi-primary. Since idempotents lift modulo the nilpotent ideal
J (Q) and since Q/J (Q) is semi-simple Artinian, Q is a semi-perfect ring.
Let E be a ring. The right E-module M has a unique decomposition if
1. M = M1 ⊕ · · · ⊕ Mt for some integer t > 0 and indecomposable right E-modules
M1, . . . ,Mt , and
2. if M = M ′1 ⊕ · · · ⊕ M ′s for some integer s > 0 and some indecomposable right E-modules
M ′1, . . . ,M ′s then s = t and there is a permutation π of {1, . . . , t} such that Mi ∼= M ′π(i) for
each i = 1, . . . , t .
For example, let E be a semi-perfect ring. An indecomposable projective right E-module has
a local endomorphism ring so that the finitely generated projective right E-modules satisfy
the Azumaya–Krull–Schmidt Theorem. Specifically, each P ∈ Po(E) has a unique decompo-
sition P = P1 ⊕ · · · ⊕ Pt , as described above. Semi-primary rings are semi-perfect so finitely
generated projective right E-modules over a semi-primary ring E possesses a unique decompo-
sition.
Example 2.1. Right Artinian rings are semi-primary.
Example 2.2. The ring
( Q 0
Q(ℵo) Q
)
is semi-primary but not right Artinian.
Example 2.3. This is an example of a local ring E in which J (E) is a nil ideal but not nilpotent.
For each integer n > 0 let Tn denote the ring of lower triangular n × n matrices over Q. Then
J (Tn)n = 0 but J (Tn)n−1 = 0. Hence J =⊕n>0J (Tn) is a nil ideal in the ring R =∏n>0 Tn
but not a nilpotent ideal. Let E = J + Q1R . Then E is a local ring, J (E) = J is a nil ideal
but not a nilpotent ideal. Thus, although E is a local ring with nil Jacobson radical, E is not
semi-primary.
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(left and right) ring of quotients
QEnd(G) = Q ⊗Z End(G)
called the quasi-endomorphism ring of G. This localization is the inspiration for the work in
this paper. However this example does not capture the flavor of the type of localization we will
encounter.
Example 2.5. Let x, y be elements such that yx − xy = 1 and let E = Q[x, y]. Then E is a
Noetherian domain called a Weyl Algebra. See [10, Corollary 1.3.16] for details. Evidently E
is not commutative and it is well known that E possesses a classical (right and left) ring of
quotients Q. Specifically Q is a division ring. One of the strange properties possessed by E is
that 0 and E are the only ideals in E. Thus in generalizing commutative results we cannot assume
a complicated lattice of ideals in E.
Example 2.6. The following example is due to A.V. Jategaonkar [10]. There is a local principle
right ideal domain E whose right ideals form a chain. In particular E possesses a classical right
ring of quotients Q. Furthermore Q is a division ring. On the other hand, E contains an infinite
direct sum
I1 ⊕ I2 ⊕ I3 ⊕ · · ·
of nonzero left ideals Ii of E. The reader can show that such a domain does not satisfy the left
Ore property. Thus Q is not the classical left ring of quotients of E.
3. Noncommutative localization
In this section we will investigate the localization theory necessary to our investigation of
margimorphisms and direct sum decompositions. This localization will lead us to investigate the
localization of EndE(P ) for finitely generated projective right E-modules P .
Lemma 3.1. Let E be a right order in the ring Q. If c ∈ E is right regular then c is right regular
in Q.
Proof. Say that c ∈ E is right regular and let cq = 0 for some q ∈ Q. There is a d ∈ E and x ∈ E
such that q = xd−1. Then 0 = cq = cqd = cx and the right regularity of c in E shows us that
x = 0. Hence q = 0. Thus c is right regular in Q. 
Lemma 3.2. Assume that E has a semi-primary classical right ring of quotients Q.
1. J (Q)∩E =N (E).
2. Each right regular element in Q is a unit.
Proof. 1. This is an exercise for the reader.
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chain condition on principle right ideals [1, Theorem 28.4]. Then the chain
cQ ⊃ c2Q ⊃ c3Q ⊃ · · ·
of principle right ideals in Q is eventually constant, so that ckQ = ck+1Q for some integer k > 0.
Since ck is right regular, Q = cQ, so that cd = 1Q for some right regular element d ∈ Q. In a
similar manner dc′ = 1Q for some c′ ∈ Q so that c = c(dc′) = c′. Hence c is a unit in Q. This
completes the proof. 
Lemma 3.3. Assume that E has a semi-primary classical right ring of quotients Q.
1. Right regular elements in E are left regular.
2. Q/J (Q) is the semi-simple classical right ring of quotients of E/N (E).
3. c ∈ E is regular iff c +N (E) is regular in E/N (E).
Proof. 1. Let c ∈ E be a right regular element. By Lemma 3.1, c is right regular in Q. Since Q
is semi-primary Lemma 3.2(2) states that c is a unit in Q. Hence c is left regular in E.
2. By Lemma 3.2(1), N (E) = J (Q) ∩ E, so there is a natural embedding E/N (E) ⊂
Q/J (Q).
Let c be a regular element in E. By part 1, c is a unit of Q, so that c maps to a unit c in
Q/J (Q). Hence c is regular in E/N (E).
Let x = x + J (Q) ∈ Q/J (Q). Since Q is the classical right ring of quotients of E there is
a regular element c ∈ E such that xc ∈ E, so that xc ∈ E/N (E) for some regular element c in
E/N (E). Thus E/N (E) is a right order in Q/J (Q).
Let c +N (E) = c be a regular element in E/N (E) for some c ∈ E. Because E/N (E) is a
right order in Q/J (Q), c is a (right) regular element in the semi-simple ring Q/J (Q). Hence c
is a unit in Q/J (Q). That is, each regular element c of E/N (E) is a unit in Q/J (Q). Hence
Q/N (Q) is the semi-simple Artinian classical right ring of quotients of E/N (E).
3. We leave this proof as an exercise for the reader. 
We investigate the classical ring of quotients of eEe for e2 = e ∈ E. This requires a series of
preliminary lemmas. The reader can find the following result in [1, Corollaries 27.7, 28.6 and
Proposition 28.11] but try to prove it yourself.
Lemma 3.4. Let Q be a semi-primary ring, let e2 = e ∈ Q, and let n > 0 be an integer.
1. Matn(Q) is semi-primary.
2. eQe is semi-primary.
Proof. 1. We know that
J (Matn(Q))= Matn(J (Q))
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they should try proving that
Matn(Q)
J (Matn(Q)) = Matn
(
Q/J (Q)).
Thus Matn(Q) is semi-simple Artinian modulo its nilpotent Jacobson radical Matn(J (Q)),
whence Matn(Q) is semi-primary.
2. We have observed that Q is a semi-perfect ring in which J (Q) is nilpotent. By [1,
Corollary 27.7], eQe is semi-perfect so that eQe/J (eQe) is semi-simple Artinian. The reader
can show that J (eQe) = eJ (Q)e and that this ideal in eQe is nilpotent. Thus eQe is semi-
primary. 
Theorem 3.5. Assume that E possesses a semi-primary classical right ring of quotients Q. Then
Matn(Q) is the semi-primary classical right ring of quotients of Matn(E) for each integer n > 0.
Proof. We sketch a proof. By the previous lemma Matn(Q) is a semi-primary ring. The ring
Matn(E) is a right order in Matn(Q). (This is a nice exercise in the induction property associated
with the right Ore property in E.) Then a right regular c ∈ Matn(E) is a (right regular =) unit in
the semi-primary ring Matn(Q). This is what we had to prove. 
The purpose behind the next two results is that we want to be able to deduce that the semi-
simple classical right ring of quotients of eEe is eQe. This technical result is designed to allow
us some commutativity in our use of regular elements in E.
Lemma 3.6. Suppose that E is a semi-prime ring, let e2 = e ∈ E, and let c ∈ eEe. Then c is
right regular in eEe iff c + (1 − e) is right regular in E.
Proof. Suppose that c ∈ eEe and that c + (1 − e) is right regular in E. If x = exe ∈ eEe and if
cx = 0 then
(
c + (1 − e))x = cx + (1 − e)x = cx + (1 − e)(exe) = 0
so that x = 0. Thus c is right regular in eEe.
Conversely, suppose that c is right regular in eEe and let (c + (1 − e))x = 0 for some x ∈ E.
Since c = ece we have that
(1 − e)x = −cx = −(ece)x ∈ (1 − e)E ∩ eE = 0.
Then c(exEe) = (ece)(xEe) = c(xEe) = 0. Since c ∈ eEe is right regular exEe = 0, and since
E is semi-prime
exEe = 0 ⇒ (exE)2 = 0 ⇒ exE = 0 ⇒ ex = 0.
Thus x = ex + (1 − e)x = 0 which proves that c + (1 − e) is right regular in E. This completes
the proof. 
T.G. Faticoni / Journal of Algebra 319 (2008) 4575–4620 4581The following is referred to in the literature as the Faith–Utumi Theorem. See [3, Theo-
rem 10.15] or [5] for a proof. We say that
Q = Matn(D)
if there are elements eij ∈ Q for each 1 i, j  n called matrix units and a subring D ⊂ Q such
that
1. 1 = e11 + · · · + enn,
2. eij ek = δjkei where δ is the Kronecker delta,
3. eiid = deii and eij d = deij = 0 for each integer 1 i = j  n and each d ∈ D, and
4. given q ∈ Q there are dij ∈ D such that q =∑ij eij dij .
Theorem 3.7 (Faith–Utumi). Suppose E is a ring perhaps without unit. Suppose that Q is the
simple Artinian classical right ring of quotients of E. Write Q = Matt (D) for some division
ring D. Then E ∩D contains a domain F such that
1. D is the classical right ring of quotients of F ,
2. Matt (F ) ⊂ E,
3. Q is the classical right ring of quotients of Matt (F ), and
4. Q = {xc−1 | x ∈ E and 0 = c ∈ F }.
Lemma 3.8. Suppose that E possesses a semi-simple Artinian classical right ring of quotients
Q, let Q = Q1 × · · · ×Qt for some simple Artinian rings Q1, . . . ,Qt , and let e2 = e ∈ Q. Then
1. Qi is the simple Artinian classical right ring of quotients of E ∩Qi .
2. For each x ∈ eQe there is a regular c ∈ E such that
(a) ece is regular in E ∩ eQe,
(b) c = ece ⊕ (1 − e)c(1 − e), and
(c) xc ∈ E ∩ eQe.
3. eQe is the semi-simple Artinian classical right ring of quotients of E ∩ eQe.
Proof. 1. Let ei be the unique central idempotent in Q such that eiQ = Qi . Since Q is the
classical right ring of quotients of E there is a regular c ∈ E such that eic ∈ E for each i =
1, . . . , t . Then
cE ⊂ e1cE × · · · × et cE ⊂ E.
We will show that Qi is the simple classical right ring of quotients of eicE. (This is a ring without
unit.)
Let y ∈ Qi . By the right Ore property in E there is a regular d ∈ cE such that (yc)d ∈ cE.
Since y ∈ Qi
y(eic)(eid) = (eiy)(cd) = (yc)d ∈ eicE.
Since cd is a unit in Q, (eic)(eid) is a unit in Qi so that (eic)(eid) is regular in eicE. Thus eicE
is a right order in Qi .
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regular element in e1Q (Lemma 3.1). Hence d1 is a unit in the simple Artinian ring e1Q, whence
e1Q is the simple Artinian classical right ring of quotients of e1cE.
Inasmuch as eicE ⊂ E ∩Qi ⊂ Qi , Qi is the simple Artinian classical right ring of quotients
of E ∩Qi .
2. Let e2 = e ∈ Q. By part 1 we can assume without loss of generality that Q is the simple
Artinian classical right ring of quotients of E. Since Q is simple Artinian there is a set of matrix
units
eij such that 1 i, j  t
for Q and an integer s  t such that
e = e11 ⊕ · · · ⊕ ess . (2)
Let x = exe ∈ eQe. By the Faith–Utumi Theorem 3.7(4) (and using the notation therein) there
is a regular c ∈ F ⊂ E such that xc ∈ E. Because c ∈ F is a diagonal matrix,
eiic = eiiceii ∈ Matn(F ) ⊂ E for all i = 1, . . . , t,
so that ec = ece ∈ E ∩ eQe and
c = ece ⊕ (1 − e)c(1 − e) = ec ⊕ (1 − e)c.
Furthermore, because c is a unit in Q,
(ece)
(
ec−1e
)= (ec)(c−1e)= e,
so that ece is a unit in eQe. Then ece is a regular element in E∩eQe such that x(ece) = x(ec) =
xc ∈ E ∩ eQe. This proves part 2.
3. By Lemma 3.4(2), eQe is a semi-primary ring. To see that eQe is semi-simple let I ⊂ eQe
be a right ideal such that I 2 = 0. Then
(IQ)2 = I (QI)Q = eIe(QeIe)Q = (eIe)2Q = I 2Q = 0.
Because Q is semi-simple IQ = 0 = I . Hence eQe is semi-simple. By part 2, E∩ eQe is a right
order in the semi-simple Artinian ring eQe. Thus eQe is the classical right ring of quotients of
E ∩ eQe. This completes the proof. 
Theorem 3.9. Assume that E possesses a semi-primary classical right ring of quotients Q. If
e2 = e ∈ E then eQe/eJ (Q)e is the semi-simple Artinian classical right ring of quotients of
eEe/eN (E)e.
Proof. Since Q is the semi-primary classical right ring of quotients of E, Lemma 3.3(2)
shows us that Q/J (Q) is the semi-simple classical right ring of quotients of E/N (E). By
Lemma 3.8(3),
eQe/eJ (Q)e ∼= e(Q/J (Q))e
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E
N (E) ∩ e
Q
J (Q)e =
eEe +J (Q)
J (Q) =
eEe
eN (E)e .
This completes the proof. 
Corollary 3.10. Suppose that E possesses a semi-simple Artinian classical right ring of quo-
tients Q, and let e2 = e ∈ Q. Let M ⊂ V be right E-modules such that V = VQ = MQ. Then
for each x ∈ V e there is a regular c ∈ E such that
1. c = ece ⊕ (1 − e)c(1 − e), and
2. ece is a unit in eQe,
3. ece ∈ E ∩ eQe,
4. xc ∈ M ∩ V e.
Proof. Without loss of generality we assume that Q is a simple Artinian classical right ring of
quotients for E. Choose matrix units eij and a division ring D such that Matn(D) = Q. Assume
without loss of generality that e = e11 + · · · + ess for some integer s  t . By the Faith–Utumi
Theorem 3.7(4) there is a domain F ⊂ D such that Matn(F ) ⊂ E and each q ∈ Q has the form
xc−1 for some x ∈ E and c ∈ F .
Let x ∈ V e. There is a regular c ∈ F such that ec ∈ E and xc ∈ M . Since c ∈ F , c = e11ce11 +
· · · + ett cett , so that c = ece ⊕ (1 − e)c(1 − e). This proves part 1.
Since c is a unit in Q, one can use part 1 to show that (ece)−1 = ec−1e in eQe. Notice that
by our choice of c ∈ F , ece = ec ∈ E, so that ece ∈ E ∩ eQe. This proves parts 2 and 3.
Furthermore xc = (xe)c = x(ece) ∈ M ∩V e. This proves part 4 and completes the proof. 
Lemma 3.11. Let E be a ring that possesses a semi-primary classical right ring of quotients Q.
Let e2 = e ∈ E and let x = xe ∈ Q. There is a regular element c = ece ⊕ (1 − e)c(1 − e) ∈ E
such that xc ∈ E.
Proof. Let x denote the image of an element x modulo J (Q).
Let y−1 = 0, let x = xe = x0 = y0 ∈ Ee, and let c0 = 1.
Proceed inductively. Assume that for some integer k  0, there are elements yk ∈ eJ (Q)ke,
xk ∈ Ee, and a regular element ck ∈ E such that
[k1] ck = ecke ⊕ (1 − e)ck(1 − e) ∈ E,
[k2] eck = ecke is regular in eEe and a unit in eQe,
[k3] yk = yk−1ck − xk ∈ J (Q)ke.
The induction step begins. Evidently e2 = e ∈ E+J (Q)J (Q) , and by Lemma 3.3, the ring Q/J (Q)
is the semi-simple classical right ring of quotients of E+J (Q)J (Q) .
Because c ∈ E is regular iff c ∈ E+J (Q)J (Q) is regular, and by Corollary 3.10, there is a regular
element ck+1 ∈ E such that
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[k + 12] eck+1e is a unit in eQe +J (Q)J (Q) ,
[k + 13] ykck+1 = (yke)ck+1 = yk(eck+1e) which is in
(E ∩J (Q)ke)+J (Q)k+1e
J (Q)k+1e .
Since ck+1, e ∈ E, we assume without loss of generality that
[k + 11′] ck+1 = eck+1e ⊕ (1 − e)ck+1(1 − e) ∈ E.
Since units lift modulo the Jacobson radical, item [k + 12] implies that eck+1e is a unit in
eQe. Then
[k + 12′] eck+1e is regular in eEe and a unit in eQe.
Since yk ∈ J (Q)ke, and by [k + 11] and [k + 13]
ykck+1 = (ykck+1)e ∈ (E ∩J (Q)
ke)+J (Q)k+1e
J (Q)k+1e .
Hence there is an
xk+1 ∈ E ∩J (Q)ke ⊂ Ee
such that
[k + 13′] yk+1 = ykck+1 − xk+1 ∈ J (Q)k+1e.
This completes the induction process.
Because Q is semi-primary there is an integer n > 0 such that J (Q)n = 0. By item [k′3] (with
k = n),
yn = yn−1cn − xn ∈ J (Q)ne = 0.
Hence there are regular elements c1, . . . , cn ∈ E such that
0 = yn−1cn − xn
= (· · · (x0c1 − x1)c2 − · · ·)cn − xn
= x0(c0 · · · cn)−X
for some X ∈ E. Let c = c0 · · · cn. By [k1],
c = ece ⊕ (1 − e)c(1 − e)
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xk(ck · · · cn) = (xke)(ck · · · cn) = xke(ck · · · cn)e ∈ Ee.
Since X is a sum of the xk(ck · · · cn),
xc = x0(c0 · · · cn)e = X ∈ Ee.
Since the product of regular elements is regular, c = c1 · · · cn is regular in E. Also, [k1] implies
that c = ece ⊕ (1 − e)c(1 − e). This completes the proof. 
Theorem 3.12. Assume that E has a semi-primary classical right ring of quotients Q. If e2 =
e ∈ E then eQe is the semi-primary classical right ring of quotients of eEe.
Proof. Regard eEe as a subring of eQe with unit e. By Lemma 3.1 it suffices to show that eEe is
a right order in eQe. Let x ∈ eQe. By Lemma 3.11 there is a regular c = ece⊕ (1− e)c(1− e) ∈
E such that ece is regular in eEe and xc ∈ E. Then
x(ece) = (exe)(ece) = e(xc)e ∈ eEe
so that eEe is a right order in eQe. This completes the proof. 
Some examples will illustrate the hypotheses of the above theorem.
Example 3.13. Let x be an indeterminant and let E = (Z[x] 0
Z Z
)
where Z is a Z[x]-module by
identifying Z ∼= Z[x]/(x). We note that E is a Noetherian ring such that J (E) = ( 0 0Z 0 ) is nilpo-
tent. But the zero divisor
(
x 0
0 1
)
in E maps to a regular element of E/J (E).
Moreover E possesses a semi-perfect classical ring of quotients Q = ( S 0Q Q ) where S =
Q[x](x) is formed by localizing Q[x] at the (maximal) ideal (x).
Example 3.14. Let Q = ( S 0Q Q ) as in the previous example. Then J (Q) = ( xS 0Q 0 ) so that J (Q)
is not a nil ideal.
Example 3.15. Let E and Q be as in the previous two examples. Let e2 = e ∈ E be such that
eE = (Z[x] 00 0 ). Then eEe = Z[x] is a commutative Noetherian integral domain, and S = eQe is
a commutative localization of the integral domain eEe. However eQe is not the classical ring of
quotients of eEe.
4. Margimorphism and localizations
We fix an associative ring R and a right R-module G. Throughout the sequel let us agree to
an additional hypothesis and notation associated with G. When needed we will explicitly state
that
EndR(G) possesses a semi-primary classical right ring of quotients QG.
For instance, G satisfies these conditions if EndR(G) is a right Artinian ring, if EndR(G) is
a semi-prime right Goldie ring (e.g. a semi-prime right Noetherian ring), or if G is a reduced
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in QG.
Let
a :G −→ G′ and b :G′ −→ G
be R-module maps. The pair (a, b) is called a marginal isomorphism pair in R or we say that
(a, b) is a margimorphism pair if ab ∈ EndR(G′) and ba ∈ EndR(G) are regular endomorphisms.
In this case a and b are called margimorphisms and we say that G and G′ are margimorphic or
that G is margimorphic to G′. The reader will prove that the relation is margimorphic to is
an equivalence relation on any set of right R-modules. Examples of margimorphisms include
isomorphisms of modules and quasi-isomorphisms of reduced torsion-free abelian groups. For
instance, if EndR(G) and EndR(G′) are domains then any pair (a, b) of maps as above such that
ab = 0 = ba is a margimorphism pair.
Let G, H , K be right R-modules. If G is margimorphic to H ⊕ K then we say that H ⊕ K
is a marginal decomposition of G, and that H is a marginal summand of G. Direct summands of
modules are marginal summands. Let
QPo(G) =
{
H ∈ Mod-R ∣∣H ⊕H ′ is margimorphic to G(n)
for some right R-module H ′ and for some integer n 0
}
.
For example, if R = G = E is a right Noetherian domain and if H = 0 and H ′ are right ideals in
G then H ⊕H ′ is a marginal decomposition of G⊕G.
Define an additive functor
QHG(·) : Mod-R −→ Mod-QG
by
QHG(·) = HomR(G, ·)⊗EndR(G) QG.
Since QG is a flat left EndR(G)-module QHG(·) is a left exact functor.
5. The classical ring of quotients
Our immediate goal is to prove that if G and G′ are margimorphic R-modules and if End(G)
as a classical right ring of quotients then End(G) and End(G′) have isomorphic classical right
rings of quotients. The first few lemmas are technical.
Lemma 5.1. Let G and G′ be right R-modules, let (a, b) be a margimorphism pair for G and G′,
and let c ∈ EndR(G) be a regular element. Then acb is a regular element in EndR(G′).
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EndR(G′). Then (ba)c(bxa) = 0. Since ba and c are regular in EndR(G), bxa = 0 = (ab)x(ab),
and since ab is regular in EndR(G′), x = 0. Hence acb is right regular in EndR(G′). Similarly
acb is left regular in EndR(G′) which proves the lemma. 
A functor F :C −→ C′ is called faithful if the induced group homomorphisms
HomC(·,·) −→ HomC′
(
F(·),F (·)) :f −→ F(f )
are injections. The functor F is full if the induced group homomorphisms are surjections.
Lemma 5.2. Assume that EndR(G) possesses a classical right ring of quotients QG. Suppose
that G(n) and G′ are margimorphic right R-modules for some integer n > 0. There is a natural
embedding of rings
EndR(G′) −→ EndQG
(QHG(G′)) :φ −→ QHG(φ).
Proof. First we work on G(n). By [2, Theorem 7.21], HG(·) is a faithful functor on Po(G), so
the ring mapping
EndR
(
G(n)
)−→ EndEndR(G)(HG(G(n))) :ψ −→ HG(ψ)
is a ring embedding. Moreover, let
K = {φ ∈ HG(G(n)) ∣∣ φ ⊗ 1 = 0}.
Since QG is the classical localization of EndR(G), K is the EndR(G)-submodule of HG(G(n)) of
elements x such that xc = 0 for some regular c ∈ EndR(G). Thus K = 0, whence the canonical
map
EndEndR(G)
(
HG
(
G(n)
))−→ EndQG(QHG(G(n))) :ψ −→ ψ ⊗ 1
is a ring embedding. Then the composition
EndR
(
G(n)
)−→ EndQG(QHG(G(n))) :ψ −→ QHG(ψ) (3)
of these maps is an embedding of rings.
Now, because QHG(·) is an additive functor there is a ring mapping
EndR(G′) −→ EndQG
(QHG(G′)) :φ −→ QHG(φ).
Let φ ∈ EndR(G′) and suppose that QHG(φ) = 0. Then bφa ∈ EndR(G(n)) and
QHG(bφa) = QHG(b)QHG(φ)QHG(a) = 0.
By the injectivity of (3), bφa = 0 = (ab)φ(ab), and since ab ∈ EndR(G′) is a regular element,
φ = 0. This proves the lemma. 
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preserved by margimorphism.
Lemma 5.3. Let G and G′ be margimorphic right R-modules. If EndR(G) possesses a classical
right ring of quotients QG then EndR(G′) possesses a classical right ring of quotients QG′ .
Proof. We will prove that the regular elements of EndR(G′) satisfy the right Ore Condition. We
begin with a margimorphism pair (a :G −→ G′, b :G′ −→ G). Let x, c ∈ EndR(G′) where c
is regular. By Lemma 5.1, acb is a regular element in EndR(G), and by hypothesis the regular
elements of EndR(G) satisfy the right Ore Condition, so there is a y ∈ EndR(G) and a regular
d ∈ EndR(G) such that (bxa)d = (bca)y. Then (ab)x(adb) = (ab)(cayb) ∈ EndR(G′) and ab
is regular, so x(adb) = c(ayb). By Lemma 5.1, adb is regular in EndR(G′), so that the regular
elements of EndR(G′) satisfy the right Ore Condition. Hence EndR(G′) has a classical right ring
of quotients QG′ . This completes the proof. 
If (a, b) is a margimorphism pair for G and G′ then ab is regular in EndR(G′) and ba is
regular in EndR(G). Therefore ab is a unit in QG′ and ba is a unit in QG, whenever these
classical right rings of quotients exist.
The following result states that margimorphisms are transformed into isomorphisms by the
functor QHG when QG exists.
Lemma 5.4. Let G, G′ be right R-modules such that EndR(G) possesses a classical right ring
of quotients QG. If (a :G −→ G′, b :G′ −→ G) is a margimorphism pair then the induced maps
QHG(a) : QHG(G) −→ QHG(G′) and
QHG(b) : QHG(G′) −→ QHG(G)
are isomorphisms of right QG-modules.
Proof. Assume that (a, b) is a margimorphism pair for G and G′. An application of the left exact
functor QHG(·) yields the inclusions
QHG(ba)QG = QHG(ba)QHG(G) ⊂ QHG(G) = QG.
Since QHG(ba) is left multiplication on QHG(G) ∼= QG by the unit ba ∈ QG, it follows that
QHG(ba) is an isomorphism on QG. Since QHG(ba) = QHG(b)QHG(a), QHG(b) is a surjec-
tion and QHG(a) is an injection.
Observe that QHG(ab) : QHG(G′) −→ QHG(G′) is left multiplication by ab. Suppose that
QHG(b)x = 0 for some x ∈ QHG(G′). Then QHG(ab)x = 0 = (ab)x. There is a regular d ∈
EndR(G) such that xd ∈ HG(G′) so that (ab)(xd) = 0 = (ab)(xd)b. Since (xd)b ∈ EndR(G′),
and since ab is regular in EndR(G′), xdb = 0 = xd(ba). Since ba and d are units in QG,
xd(ba) = 0 = x. Thus QHG(b) is an injection, whence QHG(b) is an isomorphism. Subse-
quently, QHG(a) is an isomorphism, and this completes the proof. 
Theorem 5.5. Let G be a right R-module such that EndR(G) possesses a classical right ring of
quotients QG. If G and G′ are margimorphic then QG is the classical right ring of quotients of
EndR(G′).
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possesses a classical right ring of quotients QG′ , and there is an embedding of rings
q : EndR(G′) −→ EndQG
(QHG(G′)) :φ −→ QHG(φ).
By Lemma 5.4
QHG(a) : QHG(G) −→ QHG(G′)
is an isomorphism of right QG-modules so that
EndQG
(QHG(G′))∼= EndQG(QHG(G)) (4)
via the map that sends
x −→ QHG(a)−1xQHG(a)
for each x ∈ EndQG(QHG(G′)). We can then identify rings
EndQG
(QHG(G′))∼= EndQG(QHG(G))= EndQG(QG) = QG. (5)
Thus, to prove that QG is the classical right ring of quotients of EndR(G′), it suffices to prove
that EndQG(QHG(G′)) is the classical right ring of quotients of EndR(G′).
Let c ∈ EndR(G′) be regular. We claim that c is a unit in EndQG(QHG(G′)). By Lemma 5.1,
bca is regular in EndR(G), so that
QHG(bca) = QHG(b)QHG(c)QHG(a)
is a unit in the classical ring of quotients QG. By Lemma 5.4, QHG(a) and QHG(b) are isomor-
phisms, so that QHG(c) is also an isomorphism. Inasmuch as left multiplication by c is the map
QHG(c), c is a unit in EndQG(QHG(G′)), as claimed.
Let x ∈ EndQG(QHG(G′)). We have
QHG(a)−1xQHG(a) ∈ QG.
Since QG is the classical right ring of quotients of EndR(G) and since QHG(φ) is left multipli-
cation by φ for each φ ∈ EndR(G), there is a regular d ∈ EndR(G) such that
QHG(a)−1xQHG(ad) =
[QHG(a)−1xQHG(a)]QHG(d)
∈ EndR(G).
From the ring embedding q it follows that
x(adb) = xQHG(adb) = QHG(a)
[QHG(a)−1xQHG(ad)]QHG(b)
is in q(EndR(G′)) = EndR(G′). By Lemma 5.1, adb is a regular element in EndR(G′), so that
EndR(G′) is a right order in EndQG(QHG(G′)). Therefore EndQG(QHG(G′)) is the classical
right ring of quotients of EndR(G′). Given (4) and (5), the proof is complete. 
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Example 5.6. Let
R = G = E =
{(
x 0
y x
) ∣∣∣ x ∈ Z, y ∈ Q/Z
}
.
The reader will show that each element x = ±1 of E is a zero divisor. Then E = QG is its own
classical ring of quotients. By Theorem 5.5, if G is margimorphic to G′ then E is the classical
ring of quotients of EndR(G′), whence EndR(G) = EndR(G′) and so G ∼= G′. It follows that
margimorphisms of G are isomorphisms.
Example 5.7. Let E = Z[x, y] be the polynomial ring in noncommuting indeterminants x and
y. This is a domain E that does not have a classical right ring of quotients or a classical left ring
of quotients. By Corner’s Theorem [9] there is an abelian group G such that EndZ(G) ∼= E. The
results of this section do not apply to G or E.
Example 5.8. Let E be a right Noetherian domain that is not left Goldie. Then E possesses
a classical right ring of quotients Q which is a division ring and which is not a left quotient
ring of E. Let I and J be nonzero right ideals in E. We will show that I ⊕ J is margimorphic
to E ⊕ E. Let G = E ⊕ E. Then EndE(G) possesses a simple Artinian classical right ring of
quotients Mat2(Q). Hence, with G′ = I ⊕ J , Theorem 5.5 states that EndE(G′) possesses a
simple Artinian classical right ring of quotients Mat2(Q). Let (x, y) ∈ G′ be such that x = 0 = y
and let a :G −→ G′ be defined by a(s, t) = (xs, yt) for each (s, t) ∈ G. Let b :G′ −→ G be
the inclusion map. Then a and b are injections so that ab and ba are (right) regular elements in
Mat2(Q), hence they are regular endomorphisms. Therefore G and G′ are margimorphic.
6. Marginal summands
The right R-module H is a marginal summand of G if G is margimorphic to H ⊕ H ′ for
some right R-module H ′.
Lemma 6.1. Let G be a right R-module such that EndR(G) possesses a semi-primary classical
right ring of quotients QG. If for a given integer n > 0, G(n) is margimorphic to G′ then MatnQG
is the semi-primary classical right ring of quotients of EndR(G(n)) and EndR(G′).
Proof. Since QG is the semi-primary classical right ring of quotients of EndR(G), Theorem 3.5
shows that Matn(QG) is the semi-primary classical right ring of quotients of EndR(G(n)). Be-
cause G(n) is margimorphic G′, Theorem 5.5 states that Matn(QG) is the semi-primary classical
right ring of quotients of EndR(G′). 
Theorem 6.2. Suppose that EndR(G) has a semi-primary classical right ring of quotients QG,
suppose that G(n) is margimorphic to G′ = H ⊕ H ′ for some integer n > 0, and let e2 = e ∈
EndR(G′) be such that e(G′) = H . Then
QHG
(
G(n)
)∼= QHG(H)⊕ QHG(H ′) and
QHG(H) ∼= eQ(n)G
as right QG-modules.
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Let n > 0 be an integer, let (a :G(n) −→ G′, b :G′ −→ G(n)) be a margimorphism pair, let G′ =
H ⊕H ′, and let e2 = e ∈ EndR(G′) be such that eG′ = H and (1 − e)G′ = H ′. By Lemmas 5.4
and 6.1, QHG(a) : QHG(G(n)) −→ QHG(G′) is an isomorphism, so that
QHG
(
G(n)
)∼= QHG(G′) = QHG(H ⊕H ′) ∼= QHG(H)⊕ QHG(H ′).
An application of · ⊗EndR(G) QG to the equation eHG(G′) = HG(H) yields the natural iden-
tity
eQHG(G′) = QHG(H). (6)
Furthermore, the fact that QHG(a) is an isomorphism implies that the map
EndQG
(QHG(G′))−→ EndQG(QHG(G(n)))
defined by
φ −→ QHG(a)−1QHG(φ)QHG(a)
is an isomorphism of rings. Then
eQ
(n)
G
∼= QHG(a)−1QHG(e)QHG(a)QHG
(
G(n)
)
= QHG(a)−1QHG(e)QHG(G′)
∼= QHG(e)QHG(G′)
= eQHG(G′).
Then by (6), eQ(n)G ∼= QHG(H), which completes the proof of the theorem. 
Theorem 6.3. Suppose that EndR(G) has semi-primary classical right ring of quotients QG, and
suppose that H ∈ QPo(G). Then
EndQG
(QHG(H))
is naturally the semi-primary classical right ring of quotients of EndR(H).
Proof. Suppose that H ⊕ H ′ is margimorphic to G(n), and let e2 = e ∈ EndR(H ⊕ H ′) be
such that e(H ⊕ H ′) = H . By Theorem 3.5, Matn(QG) is the semi-primary classical right ring
of quotients of Matn(EndR(G)) = EndR(G(n)), and by Theorem 5.5, Matn(QG) is the semi-
primary classical right ring of quotients of EndR(H ⊕ H ′). Theorem 3.12(2) then states that
eEndR(H ⊕ H ′)e has a semi-primary classical right ring of quotients eMatn(QG)e. It is clear
that
eEndR(H ⊕H ′)e = EndR(H)
so EndR(H) has semi-primary classical right ring of quotients eMatn(QG)e.
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eMatn(QG)e ∼= EndQG
(
eQ
(n)
G
)∼= EndQG(QHG(H)).
Hence EndQG(QHG(H)) is the semi-primary classical right ring of quotients EndR(H). The
reader can show that the embedding is given by
q : EndR(H) −→ EndQG
(QHG(H)) :φ −→ QHG(φ).
This completes the proof. 
Corollary 6.4. Suppose that EndR(G) has a semi-primary classical right ring of quotients QG,
and suppose that for some integer n > 0, G(n) is margimorphic to H ⊕H ′. If e2 = e ∈ EndR(H ⊕
H ′) is such that e(H ⊕H ′) = H then
eMatn(QG)e
is naturally the semi-primary classical right ring of quotients of EndR(H).
7. Marginal summands as projectives
Using the localization theory developed in the previous section we will prove the following
result.
Theorem 7.1. Suppose that G is a right R-module such that EndR(G) possesses a semi-primary
classical right ring of quotients QG, and let H , K ∈ QPo(G). Then
1. QHG(H) is a finitely generated projective right QG-module, and
2. H is margimorphic to K iff QHG(H) ∼= QHG(K) as right QG-modules.
Proof. 1. Theorem 6.2 shows us that if H is a marginal summand of G(n) then QHG(H) is a
direct summand of QHG(G(n)) ∼= Q(n)G . This proves part 1.
2. The proof of part 2 is a series of lemmas.
Lemma 7.2. Let G be a right R-module such that EndR(G) possesses a semi-primary classical
right ring of quotients QG. Let a :G −→ G′ and b :G′ −→ G be R-module maps. If QHG(a)
and QHG(b) are isomorphisms then (a, b) is a margimorphism pair for G and G′.
Proof. Suppose that
QHG(a) : QHG(G) −→ QHG(G′) and
QHG(b) : QHG(G′) −→ QHG(G)
are isomorphisms of right QG-modules. By Lemma 5.2, ab ∈ EndR(G′) lifts to a unit
QHG(ab) ∈ EndQG(QHG(G′)), so that ab is regular in EndR(G′). Similarly ba is regular in
EndR(G), so (a, b) is a margimorphism pair for G and G′. This proves the lemma. 
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right ring of quotients QG. If G(h) is margimorphic to G′ and if G(k) is margimorphic to G′′ then
1. QHG(G(h)) ∼= QHG(G′) as right QG-modules.
2. G(h+k) is margimorphic to G′ ⊕G′′.
Proof. Since EndR(G) possesses a semi-primary classical right ring of quotients QG, Lemma 6.1
states that the rings EndR(G(h)), EndR(G(h+k)), EndR(G′), and EndR(G′′) possess semi-primary
classical right rings of quotients.
1. Let (a, b) be a margimorphism pair for G(h) and G′. By Lemma 5.2 and Theorem 5.5
EndQG
(QHG(G(h)))
is the semi-primary classical right ring of quotients of EndR(G(h)) via the embedding φ −→
QHG(φ). Then the regular element ba in EndR(G(h)) is sent to the unit
QHG(ba) ∈ EndQG
(QHG(G(h))).
Similarly QHG(ab) is a unit in EndQG(QHG(G′)). Then QHG(a) : QHG(G(h)) −→ QHG(G′)
is an isomorphism.
2. Let (a :G(h) −→ G′, b :G′ −→ G(h)) and (a′ :G(k) −→ G′′, b′ :G′′ −→ G(k)) be margi-
morphism pairs. By part 1 and its proof, QHG(a), QHG(b), QHG(a′), QHG(b′) are isomor-
phisms, whence
(
a ⊕ a′ :G(h+k) −→ G′ ⊕G′′, b ⊕ b′ :G′ ⊕G′′ −→ G(h+k))
is a pair of maps such that
QHG(a ⊕ a′)QHG(b ⊕ b′) = QHG(ab)⊕ QHG(a′b′) and
QHG(b ⊕ b′)QHG(a ⊕ a′) = QHG(ba)⊕ QHG(b′a′)
are isomorphisms. Then by Lemma 7.2, (a ⊕ a′, b ⊕ b′) is a margimorphism pair, and hence
G(h+k) is margimorphic to G′ ⊕G′′. This completes the proof of the lemma. 
Lemma 7.4. Let G be a right R-module and suppose that EndR(G) has a semi-primary classical
right ring of quotients QG. Let H , K ∈ QPo(G). There is an integer m> 0 and a right R-module
L such that H ⊕K ⊕L is margimorphic to G(m).
Proof. There are integers h, k > 0 and right R-modules H ′, K ′ such that H ⊕H ′ is margimor-
phic to G(h) and K ⊕K ′ is margimorphic to G(k). By part 2 of the previous lemma
(H ⊕H ′)⊕ (K ⊕K ′) ∼= H ⊕K ⊕ (H ′ ⊕K ′)
is margimorphic to G(h+k). 
We are now ready to continue the proof of Theorem 7.1(2).
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sess semi-primary classical right rings of quotients EndQG(QHG(H)) and EndQG(QHG(K)).
Suppose that there is a margimorphism pair (a :H −→ K , b :K −→ H) of right
R-modules. Then the regular ba ∈ EndR(H) maps to a unit QHG(b)QHG(a) = QHG(ba) ∈
EndQG(QHG(H)). Similarly QHG(a)QHG(b) = QHG(ab) is a unit in EndQG(QHG(K)) so
that
QHG(a) : QHG(H) −→ QHG(K)
is an isomorphism.
Conversely, assume that u : QHG(H) −→ QHG(K) is an isomorphism of right QG-modules.
By Lemma 7.4, there is an integer m and a right R-module L such that G(m) is margimorphic to
G′ = H ⊕K ⊕L.
If e2 = e, f 2 = f ∈ EndR(G′) are such that eG′ = H and fG′ = K then QHG(H) ∼= eQG
and QHG(K) ∼= fQG by Theorem 6.2. Thus we can identify u with u = f ue ∈ Matm(QG).
By Lemma 3.11 there is a regular c ∈ EndR(G′) such that c = ece ⊕ (1 − e)c(1 − e) and
uc = f (uc)e ∈ HomR(H,K). Similarly there is a regular d = f df ⊕ (1 − f )d(1 − f ) such
that u−1d = eu−1df ∈ HomR(K,H). Then (QHG(uc),QHG(u−1d)) is easily seen to be a pair
of isomorphisms, so by Lemma 7.2, (uc,u−1d) is a margimorphism pair for H and K . This
completes the proof of Theorem 7.1. 
Example 7.5. This example will demonstrate the necessity of the semi-primary hypothesis in
Theorem 7.1. Let R be the local ring R = Q[x](x), and let G = R⊕Q be a right R-module. Then
EndR(G) = QG =
(
R 0
Q Q
)
. The reader will show that each regular element in EndR(G) is a unit.
Let H = R as a direct summand of G. Then (1H :H −→ H , x :H −→ H) is a margimorphism
pair. But QHG(x), left multiplication by x on R, is a regular nonunit endomorphism of R.
8. Projective QG-modules
Let
Po(QG) = the category of finitely generated projective right QG-modules.
Theorem 8.1. Let G be a right R-module such that EndR(G) has a semi-primary classical right
ring of quotients QG. There is a faithful left exact functor
QHG(·) : QPo(G) −→ Po(QG)
with the properties that for each H,K ∈ QPo(G),
1. H is margimorphic to K iff QHG(H) ∼= QHG(K).
2. EndQG(QHG(H)) is the semi-primary classical right ring of quotients of EndR(H).
3. For each P ∈ Po(QG) there is an H ∈ QPo(G) such that QHG(H) ∼= P .
4. QHG(H) ∼= P ⊕ P ′ iff H is margimorphic to K ⊕K ′ for some R-modules K and K ′ such
that QHG(K) ∼= P and QHG(K ′) ∼= P ′ as right QG-modules.
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Since HG(·) and · ⊗EndR(G) QG are left exact functors QHG(·) is left exact.
Theorem 7.1 shows us that QHG(·) : QPo(G) −→ Po(QG) is a well defined additive functor.
Let φ :H −→ K be a map in QPo(G) such that QHG(φ) = 0. By Lemma 7.4 we may assume
without loss of generality that G(n) is margimorphic to G′ = H ⊕K ⊕L for some integer n > 0
and a right R-module L. We may then consider φ to be a mapping G′ −→ G′. By Lemma 5.2,
QHG(φ) = 0 implies that φ = 0. Hence QHG(·) : QPo(G) −→ Po(QG) is a faithful functor.
1. By Theorem 7.1, H is margimorphic to K iff QHG(H) ∼= QHG(K).
2. Theorem 6.3 shows us that EndR(QHG(H)) is the semi-primary classical right ring of quo-
tients of EndR(H).
4. Part 4 follows immediately from parts 1 and 3.
Part 3 is important enough to have its own number. Since QHG(H) is a finitely generated
projective right QG-module for each H ∈ QPo(G) it is natural to ask if each projective right
QG-module can be written as QHG(H) for some H ∈ QPo(G).
Theorem 8.2. Let G be a right R-module such that EndR(G) has a semi-primary classical right
ring of quotients QG. If P ⊕ P ′ ∼= Q(n)G for some integer n > 0 then G(n) is margimorphic to
H ⊕H ′ for some G-generated H,H ′ ∈ QPo(G) such that QHG(H) ∼= P and QHG(H ′) ∼= P ′.
Proof. Let n > 0 be an integer and assume that
P ⊕ P ′ = QHG
(
G(n)
)= F
as right QG-modules. There are idempotents
e, e′ ∈ EndQG(F )
such that e⊕ e′ = 1, eF = P and e′F = P ′. Since EndQG(F ) is naturally the classical right ring
of quotients of EndR(G(n)) (Theorem 6.3), there is a regular c ∈ EndR(G(n)) such that
ec, e′c ∈ EndR
(
G(n)
)
.
Since G(n) is a right R-module and since ee′ = 0
G′ = ecG(n) ⊕ e′cG(n) ⊂ G(n).
Let a :G(n) −→ G′ be the map defined by a(x) = c(x), and let b :G′ −→ G(n) be the inclusion
map. For each φ ⊗ 1 ∈ QHG(G(n)) we have
QHG(ba)(φ ⊗ 1) = (ba)φ ⊗ 1 = (cφ)⊗ 1 ∈ QHG
(
G(n)
)
which shows that QHG(ba) is the isomorphism of left multiplication by c. Subsequently,
QHG(b) is a surjection. But b is inclusion and QHG(·) is left exact so QHG(b) is an in-
jection, whence QHG(b) and QHG(ba) = QHG(b)QHG(a) are isomorphisms. It follows that
QHG(a) is an isomorphism. Then by Lemma 7.2, G(n) is margimorphic to G′. We will identify
QHG(G′) = QHG(G(n)).
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H = ecG(n) and H ′ = e′cG(n)
are objects in QPo(G) such that
eG′ = eH + eH ′ = eecG(n) + ee′cG(n) = H
so that HG(H) = eHG(G′). Because we are identifying QHG(G′) = QHG(G(n)) we have
QHG(H) = eQHG(G′) = eQHG
(
G(n)
)= eF = P.
Similarly QHG(H ′) = P ′. This completes the proof of Theorem 8.2 and thus we have proved
Theorem 8.1(3). 
9. Totally indecomposable modules
We say that the R-module G is totally indecomposable if each R-module that is margimor-
phic to G is indecomposable. Examples will give us some intuition about this strong notion of
indecomposability.
Example 9.1.
1. Each field k is totally indecomposable as a right k-module.
2. Let R be a domain such that R satisfies the right Ore Condition. These domains exist in
abundance. See [10]. Then R is totally indecomposable as a right R-module.
Example 9.2. Let G be a right R-module such that EndR(G) is a (not necessarily commutative)
right Noetherian domain. (For example choose R = G to be a right Noetherian domain.) By
Goldie’s Theorem there is a division ring QG such that QG is the classical right ring of quotients
of EndR(G). If G is margimorphic to H ⊕ H ′ then by Theorem 5.5, QG contains e2 = e such
that e(H ⊕ H ′) = H . Since the nonzero elements in QG are units, e = 1 or e = 0, and hence
H = 0 or H ′ = 0. Thus G is totally indecomposable.
Example 9.3. Let (x) denote the ideal generated by the indeterminant x in Z[x], let
R = G = EndR(G) =
{
(p, q)
∣∣ p,q ∈ Z[x] and p − q ∈ (x)},
H = {(xp,0) ∣∣ p ∈ Z[x]}, and
H ′ = {(0, xq) ∣∣ q ∈ Z[x]}.
The right R-module G is indecomposable since, as the reader will show, EndR(G) has no idem-
potents e other than 0,1. But G is not totally indecomposable since if we let j be the inclusion
map then it is readily seen that the pair
(x :G −→ H ⊕H ′, j :H ⊕H ′ −→ G)
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QG = Q(x)× Q(x)
is the semi-prime Artinian classical ring of quotients of EndR(G), where Q(x) is the ring of
rational functions with coefficients in Q.
Example 9.4. Compare this example to Theorem 9.7. Let p ∈ Z be a prime and let
R = G = EndR(G) =
{(
x 0
y x
) ∣∣∣ x ∈ Zp, y ∈ Zp/pZp
}
.
Then R is a local commutative ring. Since R/J (R) ∼= Z/pZ and since annR(J (R)) = 0,
R = QR is its own local classical ring of quotients. We note that if G is margimorphic to
H ⊕ H ′ then G ∼= H ⊕ H ′ since regular elements in R are units. Let e2 = e = 0 be such that
e(H ⊕H ′) = H . Since R is local e = 1 or e = 0, hence G = H , whence G is totally indecom-
posable. Moreover since p ∈ J (R) is not nilpotent, R is not semi-primary.
We leave it to the reader to show that if E is a local ring and if J (E) consists of zero divisors
then E is totally indecomposable. A result due to J.D. Reid [2,9,11] shows that the reduced
torsion-free finite rank abelian group G is totally indecomposable (= strongly indecomposable)
iff
QEnd(G) = EndZ(G)⊗ Q
is a local finite dimensional Q-algebra. The above examples suggest that QG is local when G is
totally indecomposable. Notice that in the next result QG is not necessarily a semi-primary ring.
Theorem 9.5. Let G be a right R-module such that EndR(G) possesses a classical right ring of
quotients QG. If QG is a local ring then G is totally indecomposable.
Proof. Suppose that QG is a local ring, and assume that G is margimorphic to H ⊕ H ′.
Lemma 5.4 implies that
QG = QHG(G)
∼= QHG(H ⊕H ′)
= QHG(H)⊕ QHG(H ′).
Since QG is a local ring, one summand, say QHG(H ′), is equal to 0. By Theorem 8.1,
QHG(·) : QPo(G) −→ Po(QG) is a faithful functor, so that QG(H ′) = 0 implies that H ′ = 0.
We conclude that G is totally indecomposable. This completes the proof. 
Example 9.6. We construct a right R-module G such that QG exists, QG is not a local ring, but
such that G is totally indecomposable. Let
R = G = E =
{(
x 0
y x
) ∣∣∣ x ∈ Z6, y ∈ Z6/6Z6
}
.
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J (E) =
{(
x 0
y x
) ∣∣∣ x ∈ 6Z6, y ∈ Z6/6Z6
}
so that E/J (E) ∼= Z/6Z, which is not a field. That is, E is not a local ring. Furthermore, E is
indecomposable since E/N (E)∼= Z6 is indecomposable. The reader will show that c =
(
x 0
y x
)
is
a regular element in E iff x /∈ 2Z6 and x /∈ 3Z6. But then a regular c is regular modulo J (E),
which makes c a unit modulo J (E). Since units lift modulo J (E), regular elements of E are
units of E. That is, E is a quotient ring. It follows that any margimorphism for E is an isomor-
phism for E. Then because it is indecomposable, E is totally indecomposable.
In the presence of a semi-primary classical right ring of quotients there is an interesting con-
nection between totally indecomposable R-modules and local rings.
Theorem 9.7. Let G be a right R-module such that EndR(G) has a semi-primary classical right
ring of quotients QG. The following are equivalent for G.
1. QG is a local ring.
2. The nonregular elements of EndR(G) form a nil ideal.
3. G is totally indecomposable.
Proof. 1 ⇒ 2. Suppose that QG is local, and let x ∈ EndR(G) be a nonregular element. Then x
is not a unit of QG. Since QG is local x ∈ J (QG), and since QG is semi-primary x is nilpotent.
This proves part 2.
2 ⇒ 3. Assume to the contrary that G is margimorphic to G′ = H ⊕H ′ where H = 0 = H ′.
Then by Theorem 6.3, QG contains the nonzero idempotents e, e′ ∈ EndR(G′) such that eG′ = H
and e′G′ = H ′. By Lemma 3.8(2) there is a regular c ∈ EndR(G) such that ec, e′c ∈ EndR(G).
Then ec and e′c are nonregular elements in EndR(G) whose sum is regular and not nilpotent.
Hence part 2 is false.
3 ⇒ 1. Let G be totally indecomposable and let e, e′ ∈ QG be nonzero idempotents such
that e ⊕ e′ = 1. Then QG = eQG ⊕ e′QG as right QG-modules. By Theorem 8.1(4) there are
right R-modules H = 0 = H ′ ∈ QPo(G) such that QHG(H) ∼= eQG and QHG(H ′) ∼= e′QG. It
follows that
QHG(G) ∼= QG
∼= eQG ⊕ e′QG
∼= QHG(H)⊕ QHG(H ′)
∼= QHG(H ⊕H ′)
so that G is margimorphic to H ⊕ H ′ by Theorem 8.1(1). Since G is totally indecomposable
H = 0 or H ′ = 0. Thus e = 1 or e′ = 1. That is, QG is a semi-primary ring whose only idempo-
tents are 0,1. Such a ring is local. This proves part 1 and completes the logical cycle. 
The totally indecomposable right R-modules in QPo(G) are characterized in the following
manner.
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right ring of quotients QG, and let H ∈ QPo(G). The following are equivalent.
1. H is totally indecomposable.
2. QHG(H) is an indecomposable projective right QG-module.
3. EndQG(QHG(H)) is a local ring.
Proof. 1 ⇐⇒ 2. Assume part 1, and let QHG(H) = P ⊕ P ′ for some projective right QG-
modules P and P ′. By Theorem 8.1(4) there are K,K ′ ∈ QPo(G) such that P ∼= QHG(K) and
P ′ ∼= QHG(K ′), so that
QHG(H) ∼= P ⊕ P ′
∼= QHG(K)⊕ QHG(K ′)
∼= QHG(K ⊕K ′).
Theorem 8.1(1) then states that H is margimorphic to K ⊕ K ′, so that by part 1 one summand,
say K ′, is zero. Then P ′ = QHG(K ′) = 0 and so QHG(H) is indecomposable. This proves
part 2.
Conversely, assume that part 1 is false. Then H is margimorphic to K ⊕ K ′ for some right
R-modules K = 0 = K ′. By Theorem 8.1(1)
QHG(H) ∼= QHG(K)⊕ QHG(K ′)
where QHG(K) = 0 = QHG(K ′). Thus QHG(H) is decomposable. That is, part 2 is false.
1 ⇐⇒ 3 follows from Theorems 6.3 and 9.7. 
Example 9.9. Let
R = G = E =
{(
p(x) 0
q(x) p(x)
) ∣∣∣ p(x) ∈ Q[x], q(x) ∈ Q(x)/Q[x]
}
where Q(x) is the ring of rational functions over Q. Then each nonconstant element r(x) in E
is a zero divisor in E, so that E is its own classical ring of quotients. But E is not semi-primary.
The reader can prove that G is totally indecomposable but E is not local.
We close this section by showing that the margimorphism of two totally indecomposable
objects can be established with relatively little work.
Theorem 9.10. Let G and G′ be totally indecomposable right R-modules such that EndR(G)
possesses a semi-primary classical right ring of quotients QG. Then G is margimorphic to G′ iff
there are maps a :G −→ G′ and b :G′ −→ G such that either ba or ab is not nilpotent.
Proof. Suppose that G and G′ are not margimorphic and let a :G −→ G′ and b :G′ −→ G be
two R-module maps. One of ab, ba is not regular, say ba. By Theorem 9.7, ba is nilpotent, say
(ba) = 0. Then
(ab)+1 = a(ba)b = 0
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The converse is obvious. This completes the proof. 
10. Semi-simple marginal summands
Our next goal is to prove that QHG(·) can be used to change marginal summands of G into
semi-simple right QG-modules. Notice that in the next theorem, Δ is an isomorphism of the
monoids QPo(G) and Po(QG).
Theorem 10.1. Let G be a right R-module and suppose that EndR(G) possesses a semi-primary
classical right ring of quotients QG. The functor QHG(·) induces a bijective correspondence
Δ:
{{[H ] ∣∣H ∈ QPo(G)}−→ {(P ) ∣∣ P ∈ Po(QG)}
[H ] −→ (QHG(H))
from the set of margimorphism classes [H ] of H ∈ QPo(G) onto the set of isomorphism classes
(P ) of finitely generated projective right QG-modules.
Proof. The proof is a verification, using Theorem 8.1, that the assignment H → QHG(H) de-
fines the stated bijection. We leave the details as an exercise for the reader. 
Recall that in a semi-prime right Goldie ring E,
P ∼= P ⊕ P ′ ⇒ P ′ = 0
for each P ∈ Po(E).
Lemma 10.2. (See [6, Theorem 2.4.4].) Let E be a ring such that E/N (E) is semi-prime right
Goldie, and let
AE(M) = M ⊗E E/N (E)∼= M/MN (E)
for right E-modules M . Then AE(·) : Po(E) −→ Po(E/N (E)) is a full additive functor such
that
1. for each P ∈ Po (E/N (E)) there is a P ∈ Po(E) such that AE(P ) = P .
2. AE(P ) ∼= AE(P ′) iff P ∼= P ′.
Proof. The fullness of AE(·) follows from the projective property of P ∈ Po(E). The rest
follows from the fact that idempotents lift modulo a nil ideal [2, Corollary 9.6], [1, Proposi-
tion 17.18], and Nakayama’s Lemma. We leave the details as an exercise for the reader. 
The next result is our stated goal. We show that (marginal) direct summands of G correspond
to semi-simple QG-modules in a functorial manner. The mapping B is functorial if B(X⊕ Y) ∼=
B(X)⊕B(Y ) and if X ∼= Y implies B(X) ∼= B(Y ).
Theorem 10.3. Let G be a right R-module such that EndR(G) possesses a semi-primary classi-
cal right ring of quotients QG.
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BG(·) = AQG ◦ QHG(·) = HG(·)⊗EndR(G) QG/J (QG)
induces a functorial bijective correspondence
{[H ] ∣∣H ∈ QPo(G)}−→ {(M) ∣∣M is a semi-simple right QG-module}
from the set of margimorphism classes [H ] of H ∈ QPo(G) onto the set of isomorphism
classes (M) of finitely generated semi-simple right QG-modules, M .
2. If H is margimorphic to K1 ⊕K2 then BG(H) ∼= BG(K1)⊕ BG(K2) right QG-modules.
3. If BG(H) ∼= M1 ⊕M2 for some semi-simple right QG-modules M1 and M2 then H is margi-
morphic to K1 ⊕ K2 for some right R-modules K1 and K2 such that BG(K1) ∼= M1, and
BG(K2) ∼= M2.
4. H is a totally indecomposable right R-module iff BG(H) is a simple right QG-module.
Proof. 1. By Theorems 10.1 and 10.2 the functors QHG(·) and AG(·) induce bijections, so their
composition BG(·) induces a functorial bijection as indicated in part 1.
2. Follows from part 1 and Theorem 8.1.
3. Suppose that BG(H) ∼= M1 ⊕ M2. By part 1 there are K1 and K2 ∈ QPo(G) such that
BG(K1) ∼= M1 and BG(K2) ∼= M2. Then
BG(H) ∼= M1 ⊕M2 ∼= BG(K1 ⊕K2)
which by the bijection in part 1 implies that H is margimorphic to K1 ⊕K2.
4. Follows from parts 1, 2, and 3. This completes the proof of the theorem. 
11. Jónsson’s Theorem and margimorphisms
Torsion-free finite rank abelian groups G and G′ are quasi-isomorphic if they are margimor-
phic abelian groups. The interested reader can prove what the abelian groupist already knows.
The torsion-free finite rank abelian group G is quasi-isomorphic to the torsion-free abelian group
G′ iff there are maps a :G −→ G′ and b :G′ −→ G such that ab and ba are multiplication by
(possibly different) nonzero integers iff G is isomorphic to a subgroup of finite index in G′.
Quasi-isomorphism is the motivation for our study of margimorphism pairs.
Like margimorphism, quasi-isomorphism can be viewed as isomorphism in the appropriate
additive category. Let QAb be the category whose objects are the torsion-free finite rank abelian
groups and whose homsets are the groups
QHomZ(·,·) = HomZ(·,·)⊗Z Q.
The category QAb is the inspiration for the functor QHG(·) and the category QPo(G). For
instance J.D. Reid (see [2,9]) shows that two torsion-free finite rank abelian groups are quasi-
isomorphic iff they are isomorphic in the category QAb. Compare this to Theorem 8.1(1). Given
G ∈ QAb then EndZ(G) has an Artinian classical ring of quotients
QEnd(G) = EndQAb(G) = EndZ(G)⊗ Q
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(⇒ Artinian ⇒ semi-primary) Q-algebra. This is the motivation for our standing hypoth-
esis about EndR(G) and QG. Furthermore, G ∈ QAb is totally indecomposable (referred to
in the abelian group literature as strongly indecomposable) iff G is indecomposable in QAb iff
QEndZ(G) is a local ring. Compare this to Theorem 9.7. Thus QAb effectively motivates further
discussion of topics surrounding margimorphisms and totally indecomposable right R-modules.
One of the properties of QAb that is especially appealing is that the direct sum decompositions
of objects in QAb satisfy a strong uniqueness property. Thus G ∈ QAb can be written as G ∼=
G1 ⊕ · · · ⊕Gt in QAb for some integer t > 0 and some indecomposable objects Gi , and if G =
G′1 ⊕ · · · ⊕G′s in QAb for some integer s > 0 and some indecomposable objects G′j then s = t
and there is a permutation π of {1, . . . , t} such that Gi ∼= G′π(i) in QAb. From the Azumaya–
Krull–Schmidt Theorem in QAb and from the fact that groups G and G′ are isomorphic in QAb
iff they are quasi-isomorphic groups, we prove Jónsson’s Theorem. This theorem started the
investigation of maps between groups that induce a comparison of groups that is courser than
isomorphism.
Theorem 11.1. (See [9, Jónsson’s Theorem 92.5].) Let G ∈ QAb.
1. There is a positive integer t and strongly indecomposable torsion-free finite rank abelian
groups G1, . . . ,Gt such that G is quasi-isomorphic to G1 ⊕ · · · ⊕Gt .
2. If G is quasi-isomorphic to G′1 ⊕ · · · ⊕G′s for some integer s and strongly indecomposable
abelian groups G′1, . . . ,G′s then s = t and there is a permutation π of {1, . . . , t} such that
Gi is quasi-isomorphic to G′π(i) for each i ∈ {1, . . . , t}.
We will search for a similar theorem amongst the right R-modules for which EndR(G) pos-
sesses a semi-primary classical right ring of quotients.
Theorem 11.2. Let G be a right R-module such that EndR(G) possesses a semi-primary clas-
sical right ring of quotients QG. There is an integer t > 0 and totally indecomposable right
R-modules G1, . . . ,Gt such that
G is margimorphic to G1 ⊕ · · · ⊕Gt (7)
with the following properties. Let H ∈ QPo(G).
1. H is margimorphic to H1 ⊕ · · · ⊕Hs for some H1, . . . ,Hs ∈ {G1, . . . ,Gt }.
2. If H is margimorphic to H ′1 ⊕ · · · ⊕H ′r for some integer r and some totally indecomposable
right R-modules H ′1, . . . ,H ′r then r = s and there is a permutation π of {1, . . . , s} such that
Hi is margimorphic to H ′π(i) for each i ∈ {1, . . . , s}.
3. If K,K ′,L ∈ QPo(G) and if L ⊕ K is margimorphic to L ⊕ K ′ then K is margimorphic
to K ′.
Proof. Since QG is a semi-primary ring there is a positive integer t and indecomposable cyclic
projective right QG-modules P1, . . . ,Pt such that
QG = P1 ⊕ · · · ⊕ Pt .
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QPo(G) such that QHG(Gi) ∼= Pi for i = 1, . . . , t . Because QHG(·) is an additive functor
QHG(G) = QG
= P1 ⊕ · · · ⊕ Pt
∼= QHG(G1)⊕ · · · ⊕ QHG(Gt)
∼= QHG(G1 ⊕ · · · ⊕Gt)
and by Lemma 7.4, G1 ⊕ · · · ⊕ Gt ∈ QPo(G). Then G is margimorphic to G1 ⊕ · · · ⊕ Gt by
Theorem 8.1(1).
1. Suppose that H ⊕H ′ is margimorphic to G(n) for some positive integer n. An application
of QHG(·) to (7) and another pair of appeals to Theorem 8.1(1) shows us that
QHG(H)⊕ QHG(H ′) ∼= QHG(H ⊕H ′)
∼= QHG
(
G(n)
)
∼= QHG(G1 ⊕ · · · ⊕Gt)(n)
∼= QHG(G1)(n) ⊕ · · · ⊕ QHG(Gt)(n).
By our choice of Gi , QHG(Gi) = Pi is an indecomposable projective right R-module over
the semi-primary ring QG, so QHG(Gi) has a local endomorphism ring. (See [1, Proposi-
tion 17.19].) Then by the Azumaya–Krull–Schmidt Theorem
QHG(H) ∼= QHG(G1)(h1) ⊕ · · · ⊕ QHG(Gt)(ht )
∼= QHG
(
G
(h1)
1 ⊕ · · · ⊕G(ht )t
)
for some integers h1, . . . , ht  0. Theorem 8.1(1) then implies that
H is margimorphic to G(h1)1 ⊕ · · · ⊕G(ht )t .
Renumber the totally indecomposable direct summands in the direct sum G(n1)1 ⊕ · · · ⊕G(nt )t to
show that there is an integer s and totally indecomposable right R-modules H1, . . . ,Hs that are
isomorphic to elements of {G1, . . . ,Gt } and such that
H is margimorphic to H1 ⊕ · · · ⊕Hs. (8)
This proves part 1.
2. Write H as in (8). Suppose that H is margimorphic to H ′1 ⊕ · · · ⊕ H ′r for some positive
integer r and totally indecomposable right R-modules H ′1, . . . ,H ′r . By Theorem 9.8, QHG(Hi)
and QHG(H ′j ) are indecomposable projective right QG-modules, so by the Azumaya–Krull–
Schmidt Theorem, s = r and QHG(Hi) ∼= QHG(H ′π(i)) for some permutation π of the indices
{1, . . . , s}. Theorem 8.1(1) then shows us that Hi is margimorphic to H ′π(i) for each i ∈ {1, . . . , s}.
3. Let K,K ′,L ∈ QPo(G) and suppose that L ⊕ K is margimorphic to L ⊕ K ′. By Theo-
rem 8.1, QHG(K), QHG(K ′), QHG(L) are projective right QG-modules such that
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∼= QHG(L⊕K ′)
∼= QHG(L)⊕ QHG(K ′).
Since QG is semi-primary the Azumaya–Krull–Schmidt Theorem implies that QHG(K) ∼=
QHG(K ′). Therefore K is margimorphic to K ′ by Theorem 8.1(1). This completes the proof
of the theorem. 
Notice that Jónsson’s Theorem for torsion-free groups of finite rank is an immediate conse-
quence of Theorem 11.2.
Corollary 11.3. Let G be a right R-module such that EndR(G) possesses a semi-primary clas-
sical right ring of quotients QG. There is a positive integer t and totally indecomposable right
R-modules G1, . . . ,Gt such that
1. G is margimorphic to G1 ⊕ · · · ⊕Gt .
2. If G is margimorphic to G′1 ⊕ · · · ⊕G′s for some integer s and some totally indecomposable
right R-modules G′1, . . . ,G′s then s = t and there is a permutation π of (1, . . . , t) such that
Gi is margimorphic to G′π(i) for each i ∈ {1, . . . , t}.
12. Nilpotent sets
In this section we will use the machinery surrounding margimorphism to discuss theorems on
the uniqueness of direct sum decompositions of right R-modules up to isomorphism.
A set {H1, . . . ,Hs} is nilpotent if for each i = j ∈ {1, . . . , s} each composition Hi −→
Hj −→ Hi of R-module maps is a nilpotent element of EndR(Hi). We should view nilpotency
of sets as the diametric opposite of margimorphic modules. If {H,K} is a nilpotent set then there
cannot be a margimorphism pair (a, b) for H and K . Nilpotent sets were introduced in [7].
Recall the functor BG(·) and Theorem 10.3. The first result shows us that margimorphism and
nilpotent sets are compatible ideas.
Lemma 12.1. Let G be a right R-module such that EndR(G) has a semi-primary classical right
ring of quotients QG. Let H , K ∈ QPo(G), and assume that {H,K} is a nilpotent set. If H ′ is
margimorphic to H then {H ′,K} is a nilpotent set.
Proof. Let (a :H −→ H ′, b :H ′ −→ H) be a margimorphism pair. We note that because QG
exists and is semi-primary, QH exists and is semi-primary (Theorem 6.3). Then by Theorem 5.5,
EndR(H ′) has a semi-primary classical right ring of quotients QH ′ , and QH ′ ∼= QH .
Let ψ1 :H ′ −→ K and ψ2 :K −→ H ′ be two R-module maps. Then ψ1a :H −→ K and
bψ2 :K −→ H . Since {H,K} is a nilpotent set bφψ2ψ1a is a nilpotent endomorphism of H for
each φ :H ′ −→ H ′. Then there is an integer n > 0 such that (bφψ2ψ1a)n = 0 so that
0 = a(bφψ2ψ1a)nb = ab(φψ2ψ1ab)n.
Since ab is regular (φψ2ψ1ab)n = 0, and since φ was arbitrarily chosen
ψ1ψ2ab ∈N
(
EndR(H ′)
)
.
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regular element in EndR(H ′)/N (EndR(H ′)). Thus ψ2ψ1 ∈ N (EndR(H ′)). Similarly, ψ1ψ2 ∈
N (EndR(K)) and therefore {H ′,K} is a nilpotent set. This completes the proof. 
Theorem 12.2. Let G be a right R-module such that EndR(G) possesses a semi-primary classi-
cal right ring of quotients QG, and let H,K ∈ QPo(G). The following are equivalent.
1. {H,K} is not a nilpotent set.
2. Some totally indecomposable marginal summand L = 0 of H is margimorphic to a marginal
summand of K .
3. Some nonzero simple QG-submodule of BG(H) is isomorphic to a QG-submodule of
BG(K).
4. HomQG(BG(H),BG(K)) = 0.
Proof. 4 ⇐⇒ 3 follows immediately from Shur’s Lemma and the fact that BG(H) and BG(K)
are semi-simple right QG-modules.
3 ⇒ 2. Suppose that some simple QG-submodule M of BG(H) is isomorphic to a simple
QG-submodule of BG(K). Since BG(H) and BG(K) are semi-simple right QG-modules
M ⊕N ∼= BG(H) and M ⊕ P ∼= BG(K)
for some semi-simple QG-modules N and P . By Theorem 10.3(1) there is an L ∈ QPo(G)
such that BG(L) = M . Since M is simple, Theorem 10.3(3) and (4) imply that L is totally
indecomposable marginal direct summand of H and K .
2 ⇒ 1. By Lemma 12.1 we can assume without loss of generality that L is a nonzero direct
summand of H and K . Let
jX :L −→ X and πX :X −→ L
be the canonical injection and projection for X ∈ {H,K} with direct summand L. Then
jLπH :H −→ L and jHπL :L −→ H are maps such that
(jHπL)(jLπH ) = jH (πLjL)πH = jH 1LπH = jHπH
which is an idempotent, not nilpotent, endomorphism of H . Since L is a proper nonzero direct
summand of H , jHπH = 0,1. Hence {H,K} is not a nilpotent set.
1 ⇒ 4. Assume that {H,K} is not a nilpotent set. There are R-module maps
ψH :H −→ K and ψK :K −→ H
such that ψKψH , say, is not a nilpotent endomorphism. Since QHG(·) is a faithful functor
QHG(ψKψH) is not a nilpotent endomorphism of QHG(H).
By hypothesis, EndR(G) possesses a semi-primary classical right ring of quotients QG. Since
J (QG) is nilpotent, any QG-module map φ : QHG(H) −→ QHG(H)J (QG) is nilpotent. Then
image QHG(ψKψH) ⊂ QHG(H)J (QG).
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BG(H) ∼= QHG(H)/QHG(H)J (QG)
we see that
BG(ψKψH) : BG(H) −→ BG(H)
is a nonzero endomorphism of the semi-simple module BG(H). Then
0 = BG(ψH ) ∈ HomQG
(
BG(H),BG(K)
)
.
This proves part 4, and completes the logical cycle. 
Corollary 12.3. Let G be a right R-module such that EndR(G) possesses a semi-primary clas-
sical right ring of quotients QG, and let H,K ∈ QPo(G). The following are equivalent.
1. {H,K} is a nilpotent set.
2. If L is a totally indecomposable marginal summand of H and of K then L = 0.
Proof. Apply Theorem 12.2(1) and (2). 
Corollary 12.4. Let G be a right R-module such that EndR(G) possesses a semi-primary clas-
sical right ring of quotients QG, and let {H1, . . . ,Ht } ⊂ QPo(G). The following are equivalent.
1. {H1, . . . ,Ht } is a nilpotent set.
2. Let 1 i = j  t . If L is a totally indecomposable marginal summand of Hi and a marginal
summand of Hj then L = 0.
Proof. This follows immediately from Corollary 12.3 and the fact that {H1, . . . ,Ht } is a nilpo-
tent set iff {Hi,Hj } is a nilpotent set for all integers 1 i = j  t . 
An application of the above corollary will prove the next theorem.
Theorem 12.5. Let G be a right R-module such that EndR(G) possesses a semi-primary classi-
cal right ring of quotients QG. Let
{K1, . . . ,Kt } ⊂ QPo(G)
be a set of totally indecomposable right R-modules. The following are equivalent.
1. {K1, . . . ,Kt } is a nilpotent set.
2. If 1 i = j  t then Ki is not margimorphic to Kj .
Proof. 1 ⇒ 2. Suppose that Ki,Kj ∈ QPo(G) are totally indecomposable right R-modules
that form a nilpotent set for i = j . Since Ki and Kj are totally indecomposable, Theorem 10.3
implies that BG(Ki) and BG(Kj ) are simple modules. By Corollary 12.4, BG(Ki) is not isomor-
phic to BG(Kj ). Then by Theorem 12.2, Ki and Kj are not margimorphic. This proves part 2.
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that BG(Ki) and BG(Kj ) are nonisomorphic simple right QG-modules. Then by Corollary 12.4,
{Ki,Kj } is a nilpotent set. This proves part 1 and completes the logical cycle. 
We will have occasion to use the following relationship between nilpotent sets and commuta-
tivity. Note the lack of the hypothesis that EndR(G) has a classical right ring of quotients.
Lemma 12.6. Let G be a right R-module, suppose that G = H1 ⊕ H2, and let e21 = e1 be
the idempotent corresponding to H1. Then {H1,H2} is a nilpotent set iff e1 is central modulo
N (EndR(G)).
Proof. Suppose that {H1,H2} is a nilpotent set, and let φ ∈ EndR(G). Then e1φ = e1φe1⊕e1φe2
and φe1 = e1φe1 ⊕ e2φe1. We claim that e1φe2 ∈N (EndR(G)).
Let ψ ∈ EndR(G). Since {H1,H2} is a nilpotent set e2ψe1φe2 is a nilpotent element in
EndR(H2). Then for large enough integer m> 0
(
ψ(e1φe2)
)m+1 = (ψe1φe2)(e2ψe1φe2)m = 0.
As claimed, e1φe2 ∈N (EndR(G)). Similarly e2φe1 ∈N (EndR(G)).
It follows that
e1φ − φe1 = e1φe2 − e2φe1 ∈N
(
EndR(G)
)
and hence e1 is central modulo N (EndR(G)).
Conversely suppose that e1 and e2 = 1 − e1 are central modulo N (EndR(G)), and let
ψ1 :H1 −→ H2 and ψ2 :H2 −→ H1 be R-module maps. By supposition
0 = e1e2ψ1 ≡ e1ψ1e2 mod N
(
EndR(G)
)
so that ψ2ψ1 = ψ2(e2ψ1e1) is nilpotent. Thus {H1,H2} is a nilpotent set. This completes the
proof. 
13. Isomorphism from margimorphism
Recall the functor AG(·) defined in Lemma 10.2. In this section we will use AG(·) to func-
torially translate the margimorphism of marginal summands of G into the uniqueness of direct
summands of G. Specifically, we deduce isomorphism of right R-modules from the margimor-
phism of right R-modules. We should consider this deduction in light of the fact that most modern
mathematicians would not expect any useful relationship between the isomorphism class of G
and the margimorphism class of G. Observe the lack of the quotient ring hypothesis in the next
theorem.
Theorem 13.1. Let G be a right R-module, and suppose that
G = H ⊕H ′ = G1 ⊕ · · · ⊕Gt
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Then there is a nilpotent set {H1, . . . ,Ht } such that Gi ∼= Hi ⊕ H ′i for some right R-modules
H ′1, . . . ,H ′t , such that H ∼= H1 ⊕ · · · ⊕Ht , and such that H ′ ∼= H ′1 ⊕ · · · ⊕H ′t .
Proof. Define AG(·) as in Lemma 10.2. The composite functor
AG ◦ HG(·) : Mod-R −→ Mod-EndR(G)/N
(
EndR(G)
)
is defined by
AG ◦ HG(·) = HomR(G, ·)⊗EndR(G) EndR(G)/N
(
EndR(G)
)
.
Notice that
AG ◦ HG(G) = EndR(G)/N
(
EndR(G)
)
.
For each x ∈ EndR(G) we let
x = AG(x) = x +N
(
EndR(G)
) ∈ AG ◦ HG(G).
Let f be the idempotent in EndR(G) corresponding to the direct summand H of G. Then
HG(H) = fHG(G) so that
AG ◦ HG(H) = HG(H)/HG(H)N
(
EndR(G)
)
= fAG ◦ HG(G).
Because {G1, . . . ,Gt } is a nilpotent set the idempotents e1, . . . , et ∈ EndR(G) associated with
the direct sum G1 ⊕ · · · ⊕ Gt are central modulo N (EndR(G)) (Lemma 12.6). Then eif maps
to an idempotent eif in AGHG(G). Moreover
ei = ei
(
f ⊕ (1 − f ))
= eif ⊕ ei(1 − f ).
Hence the isomorphisms
AG ◦ HG(Gi) ∼= eiAG ◦ HG(G)
= eifAG ◦ HG(G)⊕ ei(1 − f )AG ◦ HG(G)
are natural. By the Arnold–Lady–Murley Theorem [6, Theorem 2.4.1] and Lemma 10.2, there
are Hi,H
′
i ∈ Po(G) such that
eifAG ◦ HG(Gi) ∼= AG ◦ HG(Hi) and
ei(1 − f )AG ◦ HG(Gi) ∼= AG ◦ HG
(
H ′i
)
so that
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∼= AG ◦ HG(Hi)⊕ AG ◦ HG
(
H ′i
)
∼= AG ◦ HG
(
Hi ⊕H ′i
)
.
The Arnold–Lady–Murley Theorem [6, Theorem 2.4.1] and Lemma 10.2 imply that
Gi ∼= Hi ⊕H ′i .
Furthermore since the ei are central idempotents such that 1 = e1 ⊕ · · · ⊕ et we have a direct
sum of orthogonal idempotents
f = e1f ⊕ · · · ⊕ etf
which corresponds to a direct sum of modules
AG ◦ HG(H) = fAG ◦ HG(G)
= e1fAG ◦ HG(G)⊕ · · · ⊕ etfAG ◦ HG(G)
∼= AG ◦ HG(H1)⊕ · · · ⊕ AG ◦ HG(Ht)
∼= AG ◦ HG(H1 ⊕ · · · ⊕Ht).
As above
H ∼= H1 ⊕ · · · ⊕Ht .
The reader will prove as an exercise that since Hi is a direct summand of Gi for each
i = 1, . . . , t , {H1, . . . ,Ht } is a nilpotent set. The reader can show in the manner above that the
equation 1 − f = e1(1 − f ) ⊕ · · · ⊕ et (1 − f ) leads us to modules H ′i such that HG(H ′i ) =
ei(1 − f )EndR(G) and such that H ′ = H ′1 ⊕ · · · ⊕H ′t . This completes the proof. 
Corollary 13.2. Let G be a right R-module and suppose that EndR(G) possesses a semi-primary
classical right ring of quotients QG. Suppose that
G = H ⊕H ′ ∼= G1 ⊕ · · · ⊕Gt
for some right R-modules G1, . . . ,Gt such that
HomR(Gi,Gj ) = 0 for each 1 i < j  t .
Then there is a set {H1, . . . ,Ht ,H ′1, . . . ,H ′t } such that
1. Gi ∼= Hi ⊕H ′i for each 1 i  t and
2. H ∼= H1 ⊕ · · · ⊕Ht .
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rem 13.1. 
In the next result we show that some of the above properties for G are passed onto H ∈ Po(G).
Corollary 13.3. Suppose there is a nilpotent set {G1, . . . ,Gt } of indecomposables Gi , and a
direct sum decomposition G = G1 ⊕ · · · ⊕ Gt . Then given H ∈ Po(G), there is a nilpotent set
{H1, . . . ,Hr} of right R-modules such that H = H1 ⊕ · · · ⊕Hr .
Proof. Since H ∈ Po(G) there is a positive integer n and a right R-module H ′ such that G(n) ∼=
H ⊕ H ′. The reader will prove as an exercise that {G(n)1 , . . . ,G(n)t } is a nilpotent set. Then an
appeal to Theorem 13.1 completes the proof. 
The following is an interesting exercise for the reader. An idempotent e is indecomposable if
e = f ⊕ f ′ for some idempotents f and f ′ implies that f = 0 or f ′ = 0.
Lemma 13.4. Let R be a ring that contains indecomposable nonzero central idempotents
e1, . . . , et such that e1 ⊕ · · · ⊕ et = 1. If f is a nonzero indecomposable idempotent in R then
f = ei for some integer i ∈ {1, . . . , t}.
The uniqueness of direct sum decompositions is thought to be a very sensitive property pos-
sessed by very few modules. Margimorphism must be viewed as a very course measure of a
module. For example each right ideal in a domain is margimorphic to the domain. The fol-
lowing theorem is interesting because it starts with an hypothesis about a marginal direct sum
decomposition about G and concludes with a unique direct sum decomposition for G. That is,
from knowing that G is margimorphic to K ⊕ K ′ we conclude that G is uniquely written as
G = H ⊕H ′. This is an interesting marriage of the sensitive with the course.
Theorem 13.5. Let G be a right R-module such that EndR(G) has a semi-primary classical right
ring of quotients QG. Furthermore, suppose that
G is margimorphic to K1 ⊕ · · · ⊕Kr
where {K1, . . . ,Kr } is a nilpotent set of nonzero totally indecomposable right R-modules. Then
1. G = G1 ⊕· · ·⊕Gt for some nilpotent set {G1, . . . ,Gt } of indecomposable right R-modules.
2. If also G ∼= G′1 ⊕· · ·⊕G′s for some indecomposable right R-modules G′1, . . . ,G′s then s = t
and there is a permutation π of {1, . . . , t} such that Gi ∼= G′π(i) for each i ∈ {1, . . . , t}.
3. If H , L, and L′ are right R-modules such that G ∼= H ⊕L ∼= H ⊕L′ then L ∼= L′.
Proof. 1. Since QG is semi-primary there is an integer t and a finite set of orthogonal indecom-
posable idempotents {e1, . . . , et } ⊂ EndR(G) such that 1 = e1 ⊕ · · · ⊕ et . Then
G = e1G⊕ · · · ⊕ etG
and since ei is indecomposable, eiG is an indecomposable right R-module. Let eiG = Gi .
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mand of Gi and of Gj for some i = j . Since G is margimorphic to Gi ⊕Gj ⊕X for some right
R-module X, G is margimorphic to K(2) ⊕ Y for some right R-module Y . By Theorem 11.2,
Y is margimorphic to Y1 ⊕ · · · ⊕ Yr for some Yi ∈ {K1, . . . ,Kt }. Thus K1 ⊕ · · · ⊕ Kt is margi-
morphic to K(2) ⊕ Y1 ⊕ · · · ⊕ Yr . By the uniqueness of the marginal direct sum decomposition
K1 ⊕ · · · ⊕Kt for G (Theorem 11.2), K is margimorphic to at least two totally indecomposable
modules in {K1, . . . ,Kr }. Say e.g. that K is margimorphic to K1 and to K2. However, the set
{K1, . . . ,Kr} is nilpotent, so Theorem 12.5 implies that K1 is not margimorphic to K2. This is
the contradiction that we sought, and this proves part 1.
2. Since G = G1 ⊕ · · · ⊕ Gt for some nilpotent set {G1, . . . ,Gt }, 1 = e1 ⊕ · · · ⊕ et where
the ei are indecomposable nonzero idempotents in EndR(G). Let ei be the idempotent image
of ei in AG ◦ HG(G) = EndR(G)/N (EndR(G)). By Lemma 12.6 the ei are central modulo
N (EndR(G)).
Let
G = G′1 ⊕ · · · ⊕G′s
for some indecomposable R-modules G′1, . . . ,G′s . The associated nonzero idempotents
f 1, . . . , f s are indecomposable. Then by Lemma 13.4, after a permutation of the subscripts
and an induction on t , s = t and e1 = f 1, . . . , et = f t .
It follows that
AG ◦ HG(Gi) = eiAG ◦ HG(G)
= f iAG ◦ HG(G)
= AG ◦ HG
(
G′i
)
so that by the Arnold–Lady–Murley Theorem [6, Theorem 2.4.1] and Lemma 10.2
Gi ∼= G′i for all i = 1, . . . , t.
3. Suppose that G = H ⊕L ∼= H ⊕L′. Write H = H1 ⊕ · · · ⊕Hp and L = L1 ⊕ · · · ⊕Ls as
direct sums of nonzero indecomposables. Let (X) denote the isomorphism class of X. By part 2
the lists
(H1), . . . , (Hp), (L1), . . . , (Ls) = (G1), . . . , (Gt )
are the same. Then p + s = t , and since {(G1), . . . , (Gt )} is a nilpotent set
{
(H1), . . . , (Hp)
}∩ {(L1), . . . , (Ls)}= ∅.
Similarly write L′ = L′1 ⊕ · · · ⊕L′q and note that
{
(H1), . . . , (Hp)
}∪ {(L′1), . . . , (L′s)}= {(G1), . . . , (Gt )}, and{
(H1), . . . , (Hp)
}∩ {(L′ ), . . . , (L′q)}= ∅.1
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unique in {(G1), . . . , (Gt )}
{
(L1), . . . , (Ls)
}= {(L′1), . . . , (L′s)}.
Hence, Li ∼= L′π(i) for some permutation π of {1, . . . , s}, so that
L ∼= L1 ⊕ · · · ⊕Ls ∼= L′.
This completes the proof. 
Theorem 13.6. Let G be a right R-module such that EndR(G) possesses a semi-primary classi-
cal right ring of quotients QG. The following are equivalent.
1. There is a nilpotent set {K1, . . . ,Kr } of nonzero totally indecomposable right R-modules
such that G is margimorphic to K1 ⊕ · · · ⊕Kr .
2. QG/J (QG) is a product of division rings.
Proof. 2 ⇒ 1. Assume that QG/J (QG) is a product of division rings
QG/J (QG) = D1 × · · · ×Dr.
Then (D1), . . . , (Dr) is a complete list of the distinct isomorphism classes of simple QG-
modules. By Theorem 10.3, for each Di there is a totally indecomposable marginal direct
summand Ki of G such that
Di ∼= BG(Ki).
Since Di ∼= Dj for i = j ∈ {1, . . . , r}, Theorem 10.3(1) shows us that Ki is not margimorphic to
Kj for i = j . Then by Theorem 12.5, {K1, . . . ,Kr } is a nilpotent set. Furthermore, because
BG(G) = QG/J (QG)
= D1 ⊕ · · · ⊕Dr
∼= BG(K1)⊕ · · · ⊕ BG(Kr)
∼= BG(K1 ⊕ · · · ⊕Kr)
Theorem 10.3(1) states that
G is margimorphic to K1 ⊕ · · · ⊕Kr.
1 ⇒ 2. Assume that there is a nilpotent set {K1, . . . ,Kr } of nonzero totally indecomposable
right R-modules such that G is margimorphic to K1 ⊕ · · · ⊕Kr . We claim that
(
BG(K1)
)
, . . . ,
(
BG(Kr)
)
is a complete list of distinct isomorphism classes of simple right QG-modules.
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Ω :
{[K1], . . . , [Kr ]}−→ {(M) ∣∣M is a semi-simple right QG-module}
that sends the margimorphism class [K] of K ∈ QPo(G) to the isomorphism class (M) of the
semi-simple right QG-module BG(K), is well defined. Theorem 10.3(1) shows us that Ω is
an injection. Since Ki is totally indecomposable Theorem 10.3(4) states that BG(Ki) is a simple
right QG-module. Thus the image of Ω is in {(M) | M is a simple right QG-module}. Let M be a
simple right QG-module. By Theorem 10.3(1) and (4), there is a totally indecomposable marginal
summand K of G such that M ∼= BG(K). The uniqueness of decomposition Theorem 11.2(2)
then implies that K is margimorphic to one of the modules K1, . . . ,Kr . Thus Ω is a bijection.
This proves our claim.
Subsequently
QG/J (QG) = BG(G)
= BG(K1 ⊕ · · · ⊕Kr)
= BG(K1)⊕ · · · ⊕ BG(Kr)
is a direct sum of distinct simple modules. Shur’s Lemma then shows us that
HomQG
(
BG(Ki),BG(Kj )
)= 0 for each i = j ∈ {1, . . . , r}
so that
QG/J (QG) = EndQG
(
BG(K1)
)× · · · × EndQG(BG(Kr))
is a product of division rings. This completes the proof. 
Corollary 13.7. Let G be a right R-module such that EndR(G) possesses a semi-primary clas-
sical right ring of quotients QG. If QG/J (QG) is a product of division rings then
1. G = G1 ⊕· · ·⊕Gt for some nilpotent set {G1, . . . ,Gt } of indecomposable right R-modules.
2. If also G = G′1 ⊕· · ·⊕G′s for some indecomposable right R-modules G′1, . . . ,G′s then s = t
and after a permutation of the subscripts Gi ∼= G′i for each i = 1, . . . , t .
3. If H , L, and L′ are right R-modules such that G = H ⊕L ∼= H ⊕L′ then L ∼= L′.
Proof. Apply Theorems 13.5 and 13.6. 
Corollary 13.8. Let G be a right R-module such that EndR(G) possesses a classical right ring
of quotients QG that is a product of division rings. Then
1. G = G1 ⊕ · · · ⊕ Gt for some rigid set {G1, . . . ,Gt } of indecomposable right R-modules.
(That is, HomR(Gi,Gj ) = 0 for each i = j ∈ {1, . . . , t}.)
2. If also G = G′1 ⊕· · ·⊕G′s for some indecomposable right R-modules G′1, . . . ,G′s then s = t
and after a permutation of the subscripts Gi ∼= G′i for each i = 1, . . . , t .
3. If H , L, and L′ are right R-modules such that G = H ⊕L ∼= H ⊕L′ then L ∼= L′.
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sum of modules each of which has the uniqueness of decomposition listed in Theorem 13.5.
Corollary 13.9. Let G be a right R-module such that EndR(G) possesses a semi-primary clas-
sical right ring of quotients QG. Then
G is margimorphic to B1 ⊕ · · · ⊕Bp
for some right R-modules B1, . . . ,Bp such that each Bi has the uniqueness of decomposition
property described in Theorem 13.5(2).
Proof. By Theorem 11.2(1) there are totally indecomposable right R-modules G1, . . . ,Gt such
that G is margimorphic to G1 ⊕ · · · ⊕Gt . Choose any disjoint subsets
I1, . . . , Ip ⊂ {G1, . . . ,Gt }
such that
I1 ∪ · · · ∪ Ip = {G1, . . . ,Gt }
and such that for each j no two R-modules in Ij are margimorphic. Then by Theorem 12.5, Ij
is a nilpotent set. By setting Bj = ⊕{K | K ∈ Ij } then G is margimorphic to
G1 ⊕ · · · ⊕Gt = B1 ⊕ · · · ⊕Bp
because the Ij are pairwise disjoint sets. By Theorem 13.5, each Bj enjoys the uniqueness of
decomposition property given in Theorem 13.5(2). This completes the proof. 
Example 13.10. Let G be any abelian group such that QEnd(G) = D1 × · · · × Dt for some
finite dimensional division Q-algebras D1, . . . ,Dt . There are many such groups. Then by Theo-
rem 13.5(2), G has unique decomposition.
Example 13.11. Let G be an abelian group such that QEnd(G) is the full ring of t × t lower
triangular matrices over the algebraic number field k. Then by Theorem 13.5(2), G has unique
decomposition.
Example 13.12. This example is due to A.L.S. Corner [9, Theorem 90.2]. Let t  2 be an integer.
There is a group G whose endomorphism ring E has finite index in
Mat2(Z)× Z × · · · × Z︸ ︷︷ ︸
t
.
The group has the property that there are several ways to write G as a direct sum of indecompos-
able groups. Specifically for each partition (a1, . . . , ar ) of 2 + t there is a direct sum
G = A1 ⊕ · · · ⊕Ar
where each Ai is indecomposable and rank(Ai) = ai for each i = 1, . . . , r .
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when we introduce pairs of margimorphic totally indecomposable marginal summands into G.
Thus, while we might know that G satisfies the conditions of Theorem 13.5 and thus has a unique
direct sum decomposition, we cannot draw the same conclusions for G⊕G unless there are other
strong hypotheses on G.
14. Semi-simple endomorphism rings
In this section we characterize in terms of totally indecomposable marginal summands the
right R-modules G whose endomorphism ring has a semi-simple Artinian classical right ring
of quotients QG. The ring E is semi-prime if N (E) = 0 or equivalently if I 2 = 0 for any non-
zero (right) ideal I ⊂ E. We say that E is a prime ring if IJ = 0 for any nonzero (right) ideals
I, J ⊂ E.
The ring E is semi-simple Artinian if
E = M(n1)1 ⊕ · · · ⊕M(nt )t
for some integers t, n1, . . . , nt > 0 and some simple right E-modules M1, . . . ,Mt such that
Mi ∼= Mj for i = j . Let us investigate this a little. Since the Mi are distinct Shur’s Lemma
shows us that
HomE(Mi,Mj ) = 0 for each i = j ∈ {1, . . . , t}
and that Di = EndE(Mi) is a division ring for each i = 1, . . . , t . Thus
E ∼= EndE
(
M
(n1)
1 ⊕ · · · ⊕M(nt )t
)
∼= EndE
(
M
(n1)
1
)× · · · × EndE(M(nt )t )
∼= Matn1(D1)× · · · × Matnt (Dt ).
The reader can prove the converse. Subsequently, E is semi-simple Artinian iff E is a finite
product of matrix rings over division rings.
The ring E is simple Artinian if
E = M(n)
for some simple right E-module M and integer n > 0. Therefore E is simple Artinian iff E =
Matn(D) for some division ring D and some integer n > 0.
A ring E is a right Ore domain if for each nonzero x, y ∈ E, (a) xy = 0 and (b) there are
nonzero c, d ∈ E such that xc = yd . The ring E is a right Ore domain iff E possesses a classical
right ring of quotients Q that is a division ring.
Theorem 14.1. Let G be a right R-module. The following are equivalent.
1. EndR(G) has a semi-simple Artinian classical right ring of quotients QG.
2. There are integers t, n1, . . . , nt and submodules K1, . . . ,Kt of G such that
(a) G is margimorphic to K(n1) ⊕ · · · ⊕K(nt )t ,1
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(c) EndR(Ki) is a right Ore domain for each i ∈ {1, . . . , t}.
Proof. 1 ⇒ 2. Suppose that QG is semi-simple Artinian. We write
QG = M(n1)1 ⊕ · · · ⊕M(nt )t
for some integers t, n1, . . . , nt > 0 and simple QG-modules M1, . . . , Mt such that Mi ∼= Mj for
i = j . By Theorem 8.1(3), there are K1, . . . ,Kt ∈ QPo(G) such that
QHG(Ki) ∼= Mi
for each i ∈ {1, . . . , t}, and by Lemma 7.4, K(n1)1 ⊕· · ·⊕K(nt )t is in QPo(G). Moreover, because
QHG(G) ∼= QG
= M(n1)1 ⊕ · · · ⊕M(nt )t
∼= QHG
(
K
(n1)
1 ⊕ · · · ⊕K(nt )t
)
Theorem 8.1(1) implies that G is margimorphic to the direct sum G′ = K(n1)1 ⊕· · ·⊕K(nt )t . This
is part 2(a).
By Shur’s Lemma, HomQG(Mi,Mj ) = 0 for i = j , and QHG(·) is a faithful functor by The-
orem 8.1, so
HomR(Ki,Kj ) ⊂ HomQG
(QHG(Ki),QHG(Kj ))
= HomQG(Mi,Mj )
= 0.
This is part 2(b).
By Theorem 8.1(2)
Di = EndQG(Mi) = EndQG
(QHG(Ki))
is the classical right ring of quotients of EndR(Ki). Since Mi is a simple right R-module Di is
a division ring, and thus EndR(Ki) is a right Ore domain. This proves part 2(c), and so proves
part 2.
2 ⇒ 1. Assume part 2. By part 2(a), G is margimorphic to
G′ = K(n1)1 ⊕ · · · ⊕K(nt )t .
Suppose that we have shown that EndR(G′) has a semi-simple Artinian classical right ring of
quotients QG′ . Then by Theorem 5.5, QG′ is the semi-simple Artinian classical ring of quotients
of EndR(G). Thus to prove that EndR(G) has a semi-simple Artinian classical right ring of
quotients QG it suffices to show that EndR(G′) has a semi-simple Artinian classical right ring of
quotients.
By part 2(b), HomR(Ki,Kj ) = 0 for each i = j so that
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(
K
(n1)
1
)× · · · × EndR(K(nt )t )
= Matn1
(
EndR(K1)
)× · · · × Matnt (EndR(Kt )).
Fix i ∈ {1, . . . , t}. Since EndR(Ki) is a right Ore domain (part 2(c)), EndR(Ki) has a classical
right ring of quotients Di that is a division ring. The simple Artinian ring Matni (Di) is thus the
classical right ring of quotients of Matni (EndR(Ki)) (Theorem 3.5). We conclude that
Matn1(D1)× · · · × Matnt (Dt )
is the semi-simple Artinian classical right ring of quotients of EndR(G′). Given our reductions,
we have proved part 1. This completes the proof. 
We have characterized those R-modules G for which QG is a simple Artinian ring.
Theorem 14.2. Let G be a right R-module. The following are equivalent.
1. EndR(G) has a simple Artinian classical right ring of quotients QG.
2. G is margimorphic to K(n) for some integer n and right R-module K such that EndR(K) is
a right Ore domain.
3. (a) EndR(G) has a semi-primary classical right ring of quotients.
(b) If H is a fully invariant G-generated E-submodule of G then H is margimorphic to G.
Proof. 1 ⇐⇒ 2 follows from Theorem 14.1 and the above comments.
1 ⇒ 3. Assume part 1. Part 3(a) follows from the fact that a simple Artinian ring is a semi-
primary ring.
Let H = 0 ⊂ G be a fully invariant G-generated R-submodule. Since QG is simple Artinian
there is a projective QG-module P such that
QHG(G) = QHG(H)⊕ P.
By Theorem 8.1(3), there is an H ′ ∈ QPo(G) such that QHG(H ′) ∼= P . Also, by Lemma 7.4,
H ⊕H ′ ∈ QPo(G). Then
QHG(G) = QHG(H)⊕ P
= QHG(H)⊕ QHG(H ′)
= QHG(H ⊕H ′)
so that by Theorem 8.1(1), G is margimorphic to
G′ = H ⊕H ′.
By Theorem 5.5, QG is the simple Artinian classical right ring of quotients of EndR(G′).
The simplicity of QG implies that EndR(G′) is a prime ring. Choose e2 = e ∈ EndR(G′) such
that e(G′) = H . Then HG(H) = eHG(G′). By Lemma 3.8 there is a regular c ∈ EndR(G′) such
that c = ece + (1 − e)c(1 − e) and ce, c(1 − e) ∈ EndR(G). Since H is fully invariant in G,
HG(H) = eHG(G′) is an ideal in EndR(G′). Then
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c(1 − e)EndR(G′)
]
HG(H) = c(1 − e)eHG(H)
= 0.
Since EndR(G′) is a prime ring c(1 − e)EndR(G′) = 0. Because c is a unit in QG, c(1 − e) =
0 = 1− e so that H ′ = 0. That is, G is margimorphic to H . This proves part 3(b), and this proves
part 3.
3 ⇒ 1. Assume part 3, and let I, J ⊂ EndR(G) be nonzero ideals such that JI = 0. Since
I is an ideal of EndR(G), IG ⊂ G is a fully invariant G-generated submodule of G. By part
3(b) there is a margimorphism pair (a, b) for G and IG such that aG ⊂ IG ⊂ G. Then a is a
regular endomorphism of G. Applying J we see that JaG ⊂ (J I)G = 0 so that Ja = 0. Since a
is regular J = 0, and so EndR(G) is prime. Since J (QG) ∩ EndR(G) is a nilpotent ideal in the
prime ring EndR(G), J (QG) ∩ EndR(G) = 0 = J (QG). Thus QG = QG/J (QG) is a prime,
semi-simple Artinian ring. Hence QG is simple Artinian. This proves part 1 and completes the
logical cycle. 
Next is a result whose proof will require the reader to cross pollinate Theorem 14.1 with
Theorem 14.2.
Corollary 14.3. The following are equivalent for a right R-module G.
1. EndR(G) possesses a classical right ring of quotients that is a finite product of division
rings.
2. G is margimorphic to K1 ⊕ · · · ⊕ Kt for some rigid set {K1, . . . ,Kt } of right R-modules
such that EndR(Ki) is a right Ore domain for each i ∈ {1, . . . , t}.
The theorems involving the existence of semi-simple Artinian classical rings of quotients rest
on an understanding of when EndR(K) is a right Ore domain. We give a characterization of
modules G for which EndR(G) is a right Ore domain.
Theorem 14.4. The following are equivalent for the right R-module G.
1. EndR(G) is a right Ore domain.
2. (a) EndR(G) possesses a semi-primary classical right ring of quotients QG, and
(b) G is margimorphic to each nonzero G-generated submodule of G.
Proof. 1 ⇒ 2. Suppose that EndR(G) is a right Ore domain. Then QG exists and it is a division
ring, a prime semi-primary ring. This proves part 2(a). By Theorem 14.2(3b), part 2(b) holds.
2 ⇒ 1. Assume part 2. By part 2(a), QG exists and is a semi-primary ring. By part 2(b) and
Theorem 14.2, QG is a simple Artinian ring, say QG = Matn(D) for some division ring D and
integer n 1.
Suppose that QG = P ⊕ P ′ for some nonzero indecomposable right QG-module P . By The-
orem 8.2 there are G-generated H , H ′ ∈ QPo(G) such that P ∼= QHG(H) and P ′ = QHG(H ′).
Then by part 2(b), G is margimorphic to H and to H ⊕H ′. Theorem 8.1(1) then shows us that
P ∼= QHG(H)
∼= QHG(G)
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∼= QHG(H)⊕ QHG(H ′).
Since P = 0 is indecomposable, QHG(H ′) = 0 and since QHG(·) is a faithful functor, H ′ = 0.
Hence QG = P is indecomposable. As required by part 1, QG is a division ring. This completes
the proof. 
Corollary 14.5. Let G be a right R-module such that EndR(G) possesses a semi-primary clas-
sical right ring of quotients QG. Then EndR(G) is a right Ore domain iff G is margimorphic to
each nonzero G-generated submodule of G.
Example 14.6. Let Z ⊂ X ⊂ Q be a subgroup such that Hom(X,Z) = 0 while End(X) = Z. For
example the group
X =
{
n
m
∣∣∣ n ∈ Z and m ∈ Z is cube-free
}
will do. Further choose a subgroup Z ⊂ Y ⊂ X such that Hom(X,Y ) = Hom(Y,Z) = 0. For
example let
Y =
{
n
m
∣∣∣m,n ∈ Z where m is square-free
}
.
Let
G = Z ⊕X.
Then Y is G-generated but Y is not a (quasi-)summand of G by the Baer–Kulikov–Kaplansky
Theorem [9]. Observe that
End(G) =
(
Z 0
X Z
)
is not semi-prime but that QEnd(G) = QG is an Artinian (= semi-primary) ring with nonzero
nilradical. Thus End(G) does not possess a semi-simple Artinian classical right ring of quotients
even though G is a direct sum of groups whose endomorphism rings are commutative Noetherian
integral domains.
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